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Abstract The main object of this research is to consider the effects of agglomeration on the free

vibration and critical speed of rotating carbon nanotubes (CNTs)/fiber/polymer/metal laminates

(CNTFPMLs) thin cylindrical shells. The strain–displacement relations are obtained using Love’s

first approximation shell theory, and moduli of carbon nanotubes reinforced composites (CNTRCs)

cylindrical shells are derived using Eshelby-Mori-Tanaka. Furthermore, fibers are reinforced by

means of extended rule of mixture. There are four phases for generating CNTFPMLs cylindrical

shell which are fiber, CNTs, polymer matrix and metal. In this work, the effects of several items

on vibration of agglomerated CNTFPMLs rotating cylindrical shells are considered, namely, mate-

rial properties of the fiber phase, lay-ups, volume fractions of metal and composite sections, rota-

tional speed and agglomeration constants. The results demonstrated that the non-dimensional

frequencies of symmetric agglomerated CNTs were greater than asymmetric for l ¼ 0 and l ¼ 1,

while they were smaller for l ¼ 0:5. In addition, although the cylindrical shell reaches the critical

speed for symmetric and asymmetric agglomerated CNTs with glass fiber (at l ¼ 0 and l ¼ 1),
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respectively, the non-dimensional frequencies of none of the cylindrical shells reach the critical

speed and their forward directions are changed before reaching the critical speed for l ¼ 0:5.

� 2021 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open

access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Starting several years ago, composites have been applied

increasingly in some modern engineering industries due to
their structures with high strength-stiffness ratio compared to
structures made by heavy metallic materials. Different fields
of mechanical engineering science, namely, vibration, buckling

and bending of composite beams, plates and cylindrical shells
have been studied in previous years by various researchers
(Mohammadimehr et al., 2018; Mohandes and Ghasemi,

2019; Ghasemi and Mohandes, 2019; Mohammadimehr
et al., 2016; Ghasemi and Mohandes, 2020; Zhang et al.,
2021; Bourada et al., 2020; Bousahla et al., 2020; Al-Furjan

et al., 2021) One of the areas where composite materials are
widely utilized is rotating cylindrical shells (Lam and Loy,
1994; Liu and Chu, 2012; Daneshjou and Talebitooti, 2014)
which are used in different industries such as the drive shaft

of gas turbines, rotors and centrifugal separators.
Although composite structures have remarkable benefits,

they also have certain deficiency behaviors that can be revised

or completely removed by fiber metal laminates (FMLs). The
considerable advantages of metals such as ductility, impact
and damage tolerances together with the benefits of composites

such as high strength and stiffness to weight ratio, excellent
fatigue resistance, acceptable corrosion and control of the elas-
tic and structural couplings using fiber orientations and differ-

ent lay-ups are merged in FMLs (Montazeri et al., 2010). Due
to their aforementioned advantages, FMLs are finding increas-
ing use most commonly in industrial applications especially
aerospace. A number of companies have shown interest in sub-

stituting the traditional aluminium components with FML
composites. Both Aramid Reinforced Aluminium Laminate
(ARALL) and glass reinforced aluminium laminate (GLARE)

are now being used as structural materials in aircrafts. FMLs
have been successfully introduced into the Airbus A380.
Asundi and Choi (Asundi and Choi, 1997) presented that in

comparison with using one thick monolithic sheet, lamination
and adhesive bonding of thin sheets in adhesively bonded sheet
materials could significantly reduce the likelihood of fatigue

cracking. Shooshtari et al. (Shooshtari and Razavi, 2010) stud-
ied nonlinear free vibration of FML plates based on first order
shear deformation theory (FSDT) applying multiple time scale
method. Fu et al. (Fu et al., 2014) studied nonlinear vibration

of FML Timoshenko beam subjected to unsteady thermal
loading with respect to delamination length, delamination
depth and transverse shear deformation. Fu and Tao (Fu

and Tao, 2016) proposed nonlinear vibration of FML
Timoshenko beams under thermal shock using differential
quadrature method (DQM). They investigated dynamic analy-

sis of FML beams with considering the effects of thermal
shock, geometric nonlinearity and viscoelasticity circum-
stances. Rahimi et al. (Rahimi et al., 2014) investigated
dynamic analysis of FML annular plate with a central hole

in accordance with three-dimensional elasticity theory. The
natural frequencies of GLARE plate were determined utilizing
a combination of the DQM, state-apace and Fourier series.
The out puts of the presented method were compared with

the ABAQUS software and had excellent agreement.
One of the composite materials which shows remarkable

attention for use in many advanced industrial applications is

carbon nanotubes (CNTs). CNTs can be added to matrix, in
order to improve its thermal, mechanical and electrical behav-
iors considerably. The size and morphology of the fibrous car-

bons are highly significant depending on how they are
employed. When the diameter is big, it can be employed in
energy systems. As the diameter of the fibrous carbon is
decreased, the applications are scaled down in the size. There

are a lot of researches which have been done about different
structures reinforced by CNTs (Tagrara et al., 2015; Madani
et al., 2016; Nejati et al., 2017; Civalek, 2017; Fantuzzi et al.,

2017; Arefi et al., 2018; Zerrouki et al., 2021; Arshid et al.,
2021; Heidari et al., 2021). Thomas et al. (Thomas and Roy,
2017) applied Eshelby-Mori-Tanaka and Rayleigh damping

models to consider the material characteristics of functionally
graded carbon nanotube-reinforced hybrid composite (FG-
CNTRHC) and the impact of CNTs on damping capacity of
FG-CNTRHC shells, respectively. The influences of volume

fraction of CNTs and carbon fibers on all elastic properties
of the shell were shown in their research. Ansari et al.
(Ansari et al., 2016) considered the influences of elastic foun-

dation and boundary conditions on vibration of various func-
tionally graded carbon nanotubes reinforced composites (FG-
CNTRC) spherical shells using the variation differential

quadrature method (VDQM). They revealed that the most fre-
quencies of this structure were related to FG�X distribution.
Moreover, one of the items which caused reduction of FG-

CNTRC spherical shells frequencies was an increase in the
thickness-to-radius ratio. Also, Ansari and Torabi (Ansari
and Torabi, 2016) used VDQM to consider vibration and
buckling of FG-CNTRC conical shells subjected to axial load-

ing. They showed that the frequencies and axial buckling loads
of the FG-CNTRC conical shells increased with a rise in the
volume fraction of CNTs. Karamanli and Aydogdu

(Karamanli and Aydogdu, 2021) investigated dynamic analysis
of two directional FG-CNTRC plates for different boundary
conditions. Civalek et al. (Civalek et al., 2020) studied free

vibration and buckling of cross-ply laminated composite plates
reinforced by CNTs on the basis of first order shear deforma-

tion theory (FSDT) using discrete singular convolution.

Mahesh and Harursampath (Mahesh and Harursampath,
2020) obtained nonlinear frequencies of magneto-electro-
elastic plates reinforced by CNTs based on higher order shear
deformation theory using finite element method. Bendenia

et al. (Bendenia et al., 2020) studied the effects of elastic foun-
dation on vibration of nanocomposite sandwich plates includ-
ing with the face sheet reinforced and an homogeneous; core

and with an homogeneous face sheet and reinforced core. In
a previous article, Al-Furjan et al. investigated the impact of

http://creativecommons.org/licenses/by/4.0/
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elastic foundation on the frequencies of honeycomb core sand-
wich disk, which was made of aluminium, with multiscale
hybrid nanocomposite face sheets which are imperfect (Al-

Furjan et al., 2020c).
The prediction of the mechanical properties of CNTs is one

the main aims of performing an extensive study on their behav-

ior. All of the papers mentioned above have assumed the
CNTs to be graded in the thickness direction, while agglomer-
ation of CNTs in the matrix phase is a well-known destructive

phenomenon. Although all of the above articles which have
estimated CNTs through the extended rule of mixture
(ROM), it should be noted that this rule is not useful for CNTs
oriented randomly in the matrix. The CNTs agglomeration in

a polymer matrix occurs due to some mechanical properties
(Shaffer and Windle, 1999; Vigolo et al., 2000; Montazeri
et al., 2010), namely, a low bending stiffness of CNTs with a

small diameter and/or elastic modulus in the radial direction,
a high aspect ratio (usually > 1000) and the existence of an
adhesive interface between CNTs and their surrounding poly-

mer. Hedayati et al. (Hedayati and Sobhani Aragh, 2012) used
an equivalent continuum model to investigate the impact of
agglomerated CNTs on natural frequencies of annular sec-

tional plates resting on an elastic foundation. They showed
that as the agglomeration parameter grew, the frequencies of
asymmetric continuous graded CNTs profile decreased more
than the symmetric ones. In 2017, Kamarian et al. (2017) used

the generalized differential quadrature method (GDQM) to
consider the effect of CNTs agglomeration on free vibration
of non-uniform nanocomposite beams bonded by piezoelectric

layers subjected to different boundary conditions. In 2017,
Kolahchi and Cheraghbak (Kolahchi and Cheraghbak, 2017)
studied dynamic buckling of plates in microscale reinforced

by agglomerated CNTs using the Kelvin-Voigt model. Natural
frequencies of curved Timoshenko microbeam reinforced by
agglomerated CNTs, which were rested on elastic foundation,

were obtained based on modified couple stress theory using
GDQM by Allahkarami and Nikkhah-bahrami (Allahkarami
and Nikkhah-Bahrami, 2018). As predicted, CNTs agglomera-
tion caused a decrease in the natural frequencies of the beam.

In 2019, Ghasemi et al. (Ghasemi et al., 2019) proposed a
novel study on the influences of agglomerated CNTs on
CNTs/fiber/polymer/metal laminate (CNTFPML) cylindrical

shells. The equations of motion which were presented by
Kirchhoff Love’s first approximation shell theory were solved
using a beam modal function model which is a semi-analytical

model to consider various structures subjected to different
boundary conditions. Tornabene et al. (Tornabene et al.,
2016) studied agglomeration effects on free vibrations of FG-
CNTRC doubly curved shells and panels using GDQM.

In this research, the agglomeration influences on the fre-
quencies and critical speed of CNTFPMLs rotating cylindrical
shells are studied for simply supported boundary condition.

For CNTFPMLs cylindrical shell generation, firstly, the CNTs
were added to the matrix for its reinforcement. Secondly, the
reinforced matrix was used to reinforce the fiber phase and

finally, the adhesive fiber prepreg was combined with the thin
metal layers. It should be mentioned that the effects of agglom-
eration and critical speed on the vibration of rotating

CNTFPML cylindrical shells have not been considered until
now. In this study, these effects on the rotating CNTFPML
cylindrical shells are studied. The effect of CNTs agglomera-
tion on the elastic properties of CNT-reinforced composites
rotating cylindrical shell is determined by the Eshelby-Mori-
Tanaka approach based on a similar fiber (Ghasemi et al.,

2019).

2. Formulation

Fig. 1 illustrates CNTFPMLs rotating circular cylindrical shell
having length L, radius R, thickness h and angular speed of
rotation X. The FML is a combination of thin aluminum layer

with adhesive fiber. The outer and inner layers are consist of
aluminum with uniform thickness and the middle layer is a
cross-ply laminated composite reinforced by CNTs with n lay-

ers so that each layer has the same thickness (Ghasemi and
Mohandes, 2020).

Based on Love’s first approximation theory, the equations

of motion for this CNTFPMLs rotating circular cylindrical
shell according to stress resultants Nij and Mij (Loy et al.,

1997; Alimirzaei et al., 2019), which are defined using middle
surface strains ex;0, eh;0 and cxh;0, changes in the curvature of

the middle surface kx, kh and kxh and extensional, coupling

and bending stiffnesses Aij, Bij and Dij, are given as (Lam

and Loy, 1995):
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where Nh

�
¼ qhX2R2. The stress resultants in the Eq. (1) can be

substituted by stiffnesses so that the governing equations of

motion can be rewritten based on stiffnesses as follows:
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As mentioned, the stress resultants are including stiffnesses

which can be illustrated as following for FML cylindrical shell

reinforced by CNTs (Tsai et al., 2003):

Aij ¼ Qmetal
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k
ijðhk � hk�1Þ

Bij ¼ 1
2
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where hmetal and Qmetal
ij represent the thickness and reduced

stiffness of the metal section, respectively, hk and hk�1 are the
distances from the middle surface of the shell to the outer and
inner surfaces of the kth layer of composite section. Moreover,

Qk
ij shows the transformed reduced stiffness coefficients for the

kth layer of the composite segment which are given as (Yousefi

et al., 2020; Al-Furjan et al., 2020b; Al-Furjan et al., 2020b):
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Fig. 1 CNTFPMLs rotating circular cylindrical shell (Ghasemi and Mohandes, 2020).
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Q11 ¼
EcÞL

1� tLtT
; Q22 ¼

EcÞT
1� tLtT

;

Q12 ¼
tTEcÞL
1� tLtT

; Q66 ¼ Gc ð4Þ

In the above equations, EcÞL, EcÞT and Gc are the longitu-

dinal, transverse and shear moduli of the nanocomposite sec-
tion. Moreover, effective Poisson’s ratios are defined as tL
and tT. In this work, the composite section is reinforced by
CNTs using the following method:

Firstly, the CNTs are added to the matrix and then the rein-

forced matrix is utilized to reinforce the fiber phase (Mohandes
and Ghasemi, 2019). So, the elastic modulus and Poisson’s
ratios of composite layers of this cylindrical shell can be
predicted for two segments, namely, the fiber and matrix rein-
forced by CNTs, which can be written as (Ghasemi et al., 2019;

Ghasemi and Mohandes, 2019, 2020):

EcÞL ¼ E11ÞfVÞf
þEm

11

�
new
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EcÞT ¼ 1
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E22Þf

þ VmÞnew
Em
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tL ¼ tÞfVÞf
þtmÞnewVmÞnew

ð5Þ

where E11Þf, E22Þf and GÞf are called elastic moduli and tÞf and
VÞf are Poisson’s ratio and volume fraction of the fiber phase,

respectively. Furthermore, the elastic moduli of reinforced
matrix are Em

11Þnew, Em
22Þnew and Gm

12Þnew and Poisson’s ratio



Table 1 Mechanical properties of the equivalent fiber and

matrix (Shokrieh and Rafiee, 2010).

Mechanical properties Equivalent fiber Matrix phase

EM – 2.1ðGPaÞ
ELEF 649.12ðGPaÞ –

ETEF 11.27ðGPaÞ –

GEF 5.13ðGPaÞ
Poisson’s ratio 0.284 0.34

Density 1400Kg=m3 1150Kg=m3
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and volume fraction of this matrix are defined as tmÞnew and

VmÞnew, respectively.

3. Material properties of CNTRCs

3.1. Properties of the equivalent fiber

As illustrated in the previous section, the composite layers are
consist of a fiber phase and a reinforced matrix. For the predic-
tion of the mechanical characteristics of the matrix reinforced

by CNTs, an equivalent long fiber which is a solid cylinder
with a diameter of 2.374 nm (Shokrieh and Rafiee, 2010),
depicted schematically in Fig. 2, is considered instead of a

straight CNT embedded in a polymer matrix (Ghasemi
et al., 2019).

The ROM is used inversely to obtain the elastic modulus,

Poisson’s ratio and volume fraction of equivalent fiber
(Shokrieh and Rafiee, 2010)

ELEF ¼ ELC

VEF
� EMVM

VEF

ETEF ¼ ETC

VEF
� EMVM

VEF

GEF ¼ GC

VEF
� GMVM

VEF

tEF ¼ tC
VEF

� tMVM

VEF

ð6Þ

where the parameters related to equivalent fiber are ELEF, ETEF,
GEF, tEF and VEF which denote longitudinal modulus, trans-

verse modulus, shear modulus, Poisson’s ratio and volume
fraction (Shokrieh and Rafiee, 2010). Also, ELC, ETC, GC,
and EM, GM, VM indicate longitudinal, transverse and shear

modulus of composites, which are obtained from multiscale
FEM and molecular dynamic simulation, and longitudinal
modulus, shear modulus and volume fraction of the matrix,
respectively (Shokrieh and Rafiee, 2010). The mechanical

properties of equivalent long fiber (Shokrieh and Rafiee,
2010) are illustrated in Table 1.

3.2. The effect of CNTs agglomeration on material properties of
composites

Since the CNTs have some properties such as low bending

stiffness (i.e. small diameter and small elastic modulus in the
radial direction), large aspect ratio (usually > 1000) and inter-
Fig. 2 Conversion strategy. Reproduced from (Shokri
facial bonding parameters between CNTs and the polymeric
surrounding matrix, they tend to bundle or cluster together

(Ghasemi et al., 2019; Ghasemi and Mohandes, 2019, 2020;
Shi et al., 2004). The influence of CNTs agglomeration on
the elastic attributes of randomly oriented CNTRC has been

investigated with a two-parameter micromechanics model
developed in (Shi et al., 2004). As shown in Fig. 3, a certain
number of CNTs is uniformly distributed (UD) throughout

the matrix and the others appear in the cluster form due to
which is created because of the different elatic attributes of
the CNTs and the surrounding matrix (Ghasemi et al., 2019;
Ghasemi and Mohandes, 2019, 2020).

The total volume of representative volume element (RVE),
denoted by V, can be expressed as the following two parame-
ters (Kamarian et al., 2013):

V ¼ Vr þ Vm ð7Þ
where Vr and Vm represent the total volume of CNTs and the
volume of matrix, respectively. The total volume of CNTs in
the RVE is given as (Kamarian et al., 2013):

Vr ¼ Vcluster
r þ Vm

r ð8Þ
where Vcluster

r is the volume of CNTs inside the cluster (concen-

trated region), while Vm
r is the volume of CNTs outside the

cluster in the matrix. It should be noted that CNTs agglomer-

ation causes a degradation of the elastic attributes in compar-
ison with CNTs UD in the matrix. This aspect of
nanocomposites, which is named agglomeration, can be stud-

ied qualitatively applying the two agglomeration constants,
as follows (Kamarian et al., 2013)
eh and Rafiee, 2010) with permission from Elsevier.



(a) 

(b) (c) , 

Fig. 3 Shell element with a cluster model of CNT agglomeration. Reprinted from (Ghasemi et al., 2019) with permission from Elsevier.
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l ¼ Vcluster

V
; g ¼ Vcluster

r

Vr

; g P 0 ; l 6 1 ð9Þ

where Vcluster, l and g denote the volume of clusters in the

RVE, the volume fraction of clusters with respect to the total
volume of RVE and the volume ratio between the CNTs inside
the clusters and the total volume of CNTs inside the RVE
(Yousefi et al., 2020). Based on Eq. (9), when l ¼ 1

(Vcluster ¼ VÞ and g ¼ 1 (Vcluster
r ¼ VrÞ, the clusters coincide

with the whole domain, which means CNTs are dispersed in
the matrix homogenously (Fig. 3b), and all CNTs are located
in the clusters (Fig. 3c), respectively. The former shows that

the agglomeration degree of CNTs increases as l decreases.
Moreover, in the case of g ¼ l, the volume fractions of CNTs
inside and outside of the cluster are the same (fully dispersed)

(Yousefi et al., 2020). It should be noted that g must be greater
that l for agglomeration to occur; if g > l, the heterogeneity
of CNTs distribution grows with an increase in g. The effective
elastic stiffness of the clusters and the matrix can be calculated
using various micromechanical procedures (Yousefi et al.,
2020). In this manuscript, CNTs are assumed to be trans-

versely isotropic, so the elastic moduli of the matrix are esti-
mated using the Mori-Tanaka (MT) method. The clusters
are assumed isotropic so that a random distribution of the
CNTs orientations exists in the clusters. The useful bulk mod-
uli Kin and Kout and the effective shear moduli Gin and Gout of

the inclusions and the matrix are given, as (Allahkarami and
Nikkhah-Bahrami, 2018, Ghasemi et al., 2019):

Kin ¼ Km þ dr�3Kmarð Þfrg
3 l�frgþfrgarð Þ

Kout ¼ Km þ fr 1�gð Þ dr�3Kmarð Þ
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2 1�l�fr 1�gð Þþfr 1�gð Þbr½ �

ð10Þ
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þ 8mrGm 3Km þ 4Gmð Þ
3Km mr þ Gmð Þ þ Gm 7mr þ Gmð Þ þ

2 kr � lrð Þ 2Gm þ lrð Þ
3 Gm þ krð Þ

� 	

where Km and Gm are the bulk and shear moduli of the isotro-
pic matrix, kr, lr, mr, nr and pr are the Hill’s elastic moduli of
the CNTs (Tornabene et al., 2016; Hill, 1965). The useful bulk
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modulus K and the effective shear modulus G of the composite

can be determined based on the MT, as follows

K ¼ Kout 1þ l
Kin
Kout

�1ð Þ
1þa 1�lð Þ Kin

Kout
�1ð Þ

� 	

G ¼ Gout 1þ l
Gin
Gout

�1ð Þ
1þb 1�lð Þ Gin

Gout
�1ð Þ

� 	 ð12Þ

where

tout ¼ 3Kout�2Gout

2 3KoutþGoutð Þ

a ¼ 1þtout
3 1�toutð Þ

b ¼ 2 4�5toutð Þ
15 1�toutð Þ

ð13Þ

Eventually, the useful Young’s modulus E and Poisson’s
ration t of the composite can be illustrated by the following

equations (Tornabene et al., 2016)

E ¼ 9KG
3KþG

t ¼ 3K�2G
6Kþ2G

ð14Þ

In addition, fr is the volume fraction of equivalent fiber in
Eq. (10). For investigation of the influence of different CNTs
distributions on the vibration of CG-CNTRC rotating cylin-

drical shell throughout its thickness direction, symmetric and
asymmetric material profiles are considered as follows
(Hedayati and Sobhani Aragh, 2012):

Symmetric CGCNTRC : fr ¼ 4 z�h=2j j
h

f�f
Asymmetric CGCNTRC : fr ¼ 4 z

h
f�f

ð15Þ

where f�f is the volume fraction of CNTs. Asymmetric distribu-

tion of CG-CNTRC shows that the inner and outer surfaces of

the shell are CNT-rich with a mid-plane symmetric graded dis-
tribution of CNT reinforcements, while the asymmetric CG-
CNTRC means that the inner and outer surfaces of the shell

are CNT-poor and CNT-rich (Ghasemi et al., 2019). This
can be calculated in terms of the mass fraction of CNTs mf

as follows (Hedayati and Sobhani Aragh, 2012)

f�f ¼
qr

mf

� qr þ 1

� 	�1

ð16Þ

where qr ¼ qf=qm.

4. Analytical solution procedure

In this work, the analytical method is applied to solve the nat-
ural frequencies of simply supported agglomerated
Table 2 Material properties of agglomerated CNTFPML rotating

Material properties

CNT Fiber

Carbon Glass

ECN
11 ¼ 5:6466 ðTPaÞ E11Þf ¼ 230 ðGPaÞ E11Þf ¼ 35 ðGP

ECN
22 ¼ 7:080 ðTPaÞ E22Þf ¼ 8 ðGPaÞ E22Þf ¼ 5 ðGPa

GCN
12 ¼ 1:9445 ðTPaÞ GÞf ¼ 27:3 ðGPaÞ GÞf ¼ 7:17ðGP

qCN ¼ 1400 Kg=m3
� �

qÞf ¼ 1750 Kg=m3
� �

qÞf ¼ 2500 Kg
�

tCN12 ¼ 0:175 tÞf ¼ 0:256 tÞf ¼ 0:27
CNTFPMLs rotating cylindrical shells. The simply supported
boundary conditions can be illustrated as:

v ¼ w ¼ Nx ¼ Mx ¼ 0 ð17Þ
The displacement fields in closed form to satisfy simply sup-

ported boundary conditions at x ¼ 0;L can be expressed as
(Lam and Loy, 1994):

u x; h; tð Þ ¼ U xð Þcos mpx
L

� �
cos nhþ xtð Þ

v x; h; tð Þ ¼ V xð Þsin mpx
L

� �
sin nhþ xtð Þ

w x; h; tð Þ ¼ W xð Þsin mpx
L

� �
cos nhþ xtð Þ

ð18Þ

where UðxÞ, VðxÞ and WðxÞ denote mode shapes in the longi-

tudinal, torsional and flexural directions and n and m are the
number of circumferential and axial waves in the mode shapes,
respectively. Further, x is the natural frequency of vibration.
A 3� 3 displacement coefficient matrix H in the non-

dimensional form is obtained by substituting Eq. (18) into
Eq. (2) as following:

H3�3 C; B; 1f gT ¼ 0; 0; 0f gT ð19Þ
where

H11 ¼�R2 mp
L

� �2 �a66n
2 � qhR2

A11
X2n2 �x2
� �

H12 ¼ mnp
L

a12Rþb12 þa66Rþ2b66ð Þ
H13 ¼ mp

L
a12Rþb11R

2 mp
L

� �2 þb12n
2 þ2b66n

2 � qhX2R3

A11

� �

H21 ¼ mnp
L

a66Rþa12Rþb66 þb12 þ qhX2R3

A11

� �

H22 ¼ mp
L

� �2 �a66R
2 �2b66R�b66R�2d66

� �þn2 �a22 � 2
R
b22 � 1

R2 d22

� �
þ qhR2

A11
x2 þX2
� �

H23 ¼ mp
L

� �2 �2b22Rn�b12Rn�2d66n�d12nð Þþn �a22 � 1
R
b22n

2 � 1
R
b22 � 1

R2 d22n
2

� �
þ 2qhR2xX

A11

H31 ¼ mp
L

a12Rþb11R
2 mp

L

� �2 þb12n
2

� �

H32 ¼ n mp
L

� �2 �b12R�d12 �2b66R�4d66ð Þþn � 1
R
b22n

2 � 1
R2 d22n

2 �a22 � 1
R
b22

� �
þ qhR2

A11
�nX2 þxX
� �

H33 ¼ mp
L

� �2 �b12R�d11R
2 mp

L

� �2 �2d12n
2 �4d66n

2 �b12R
� �

þ 1
R
n2 �b22 � 1

R
d22n

2 �b22
� �

�a22 þ qhR2

A11
�n2X2 þx2 þX2
� �

ð20Þ

where

a12 ¼ A12

A11
a22 ¼ A22

A11
a66 ¼ A66

A11
b11 ¼ B11

A11
b12 ¼ B12

A11
b22 ¼ B22

A11

b66 ¼ B66

A11
d11 ¼ D11

A11
d12 ¼ D12

A11
d22 ¼ D22

A11
d66 ¼ D66

A11

ð21Þ

The determinant of coefficient matrix H is set to zero for
each value of n and m for a non-trivial solution of the equa-
tions of motion.

5. Numerical results and discussion

The outputs of agglomerated CNTFPMLs rotating cylindrical

shell are presented for simply supported boundary conditions.
The polymer matrix reinforced by agglomerated CNTs is uti-
lized for reinforcing the fiber phase. To generate the

CNTFPML cylindrical shells, the composites lay-ups are
cylindrical shell (Ghasemi et al., 2019).

Matrix Metal (Aluminum)

aÞ EmÞold ¼ 2:5 ðGPaÞ Emetal ¼ 72:4 ðGPaÞ
Þ qmÞold ¼ 1150 Kg=m3

� �
qmetal ¼ 2700 Kg=m3

� �
aÞ tmÞold ¼ 0:34 tmetal ¼ 0:33

=m3
�
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attached to thin metal layers. All the other properties and
dimensions to investigate this agglomerated CNTFPMLs
rotating cylindrical shell are illustrated as follows, unless

otherwise noted:
Simply supported boundary condition, aluminum and car-

bon reinforced aluminum laminate (CARALL) reinforced by

the agglomerated CNTs for the materials of metal and com-
posite, the lay-up of the cylindrical shell is considered four-

layered and cross-ply ½Al=0
�
=90

�
=0

� �. The thickness of metal

is equal to the one layer of the composite reinforced by the
CNTs, the distribution of the agglomerated CNTs is symmet-
ric, L ¼ 10�R, n ¼ m ¼ 1, l ¼ g ¼ 0:5. Moreover, the con-

sidered material properties of the CNTFPML rotating
circular cylindrical shell are shown in Table 2 (Ghasemi
et al., 2019).

6. Verification

For verification of the accuracy of the obtained results, the

non-dimensional frequencies X ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqR2=EÞ

q
of CARALL

non-rotating cylindrical shell without any reinforcement

(CNTs) for m ¼ 1 are compared with the results presented
by Mohandes et al. (Mohandes et al., 2018) for a simply sup-
Table 3 Comparison of the non-dimensional frequencies for a FM

ðm ¼ 1Þ.
n 1 2

present 0.1731 0.0645

(Mohandes et al., 2018) 0.1731 0.0645

Fig. 4 Comparison of the non-dimensional frequencies for a CNTF

boundary condition.
ported boundary condition as summarized in Table 3. The
excellent agreement of results confirms the feasibility and accu-
racy of the proposed method. Also, the non-dimensional fre-

quencies of non-rotating cylindrical shell reinforced by CNTs
with respect to agglomeration constant are compared to Gha-
semi et al. (Ghasemi et al., 2019) with results shown in Fig. 4.

The comparison indicates that the present results have excel-
lent agreement with the other research.

7. Parametric investigations

Some investigations on the effect of agglomeration on the free
vibration and critical speed of CNTFPMLs rotating circular

cylindrical shell are illustrated in this study. Specifically, the
following instances show the variation of natural frequency
of agglomerated CNTFPMLs cylindrical shells with respect

to different parameters such as agglomeration effects, volume
fraction of metal, layups, distribution of CNTs, critical speed
and rotational speed. The variations of non-dimensional fre-
quencies of CNTFPMLs rotating cylindrical shells with

respect to different rotational speed for parameters of l and
g are considered. l shows from 0.1 to 0.5 the non-
dimensional frequencies of non-rotating cylindrical shell

increase (Fig. 5), while the opposite is the case as g grows
L cylindrical shell subjected to different boundary conditions

3 4 5

0.0329 0.0260 0.0320

0.0329 0.0260 0.0320

PMLs non-rotating cylindrical shell subjected to simply supported



Fig. 5 Non-dimensional frequencies of CNTFPML rotating cylindrical shell vs. rotational speed for different l.
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(Fig. 6). Moreover, with raising rotational speeds, forward and
backward frequencies of this cylindrical shell decreases and

increases steadily for different parameters of agglomeration
constants, respectively.

The influence of volume fraction of metal on non-
dimensional frequencies of agglomerated CNTFPMLs rotat-

ing cylindrical shell are indicated in Fig. 7 for different rota-
tional speeds. As seen, enhancing volume fraction of metal,
resulted in a reduction of the non-dimensional frequencies

because by increasing the volume fraction of metal, the volume
fraction of the composite section decreases and the elastic
modulus of the whole structure is declined. So, as the elastic

modulus of the structure drops, the non-dimensional frequen-
cies of that structure decrease. As seen, by increasing the rota-
tional speed, the frequencies of forward and backward wave

modes decrease and increase before reaching the critical speed,
respectively. As grown, the non-dimensional frequencies of the
shell, critical speed of cylindrical shell is increased, cylindrical
shell reaches the critical speed in the Vm ¼ 0:1 and forward

branch intersect the abscissa. At this point, the cylinder
demonstrates unstable behavior with a fast increase in ampli-
tude vibration. Also, beyond this point, the behavior of the

cylindrical shell changes from forward mode to backward
one and the frequencies increase. As the volume fraction of
metal increases and with Vm ¼ 0:25 or Vm ¼ 0:5, the direction
of forward mode is changed before reaching the critical speed.

The influence of lay-ups of the composite section and fiber
material attributes of agglomerated CNTFPML rotating cylin-
drical shell on the non-dimensional frequencies of the shell for

different values of l are considered in Fig. 8. It should be
noted that X equals 10 for the results presented in Fig. 8. As
mentioned, the non-dimensional frequencies of agglomerated

cylindrical shell made by CARALL are greater than GLARE
since the elastic modulus of carbon fiber is much greater than
that of glass. Further, the frequencies of unidirectional lay-up
for the composite section are greater than cross-ply because of
the stiffness. In addition, the difference between the frequen-

cies of cross-ply and unidirectional for CARALL is greater
than GLARE. Also, with a rise in the agglomeration constant,
the non-dimensional frequencies of CNTFPML cylindrical
shells comprised by both CARALL and GLARE for cross-

ply and unidirectional lay-ups increase. This shows that the
increase of the volume fraction of clusters with respect to the
total volume of RVE causes the increase of frequencies since

with increasing the volume fraction of clusters causes the
amount of agglomeration to decrease and this leads to growth
in frequencies.

The changes of non-dimensional frequencies with respect to
different values of rotational speed for various ratios of thick-
ness to radius are indicated in Fig. 9. As seen, by increasing the

ratio of thickness to radius the non-dimensional frequencies
are decrease while, as the non-dimensional frequencies of the
shell, the critical speed of the cylindrical shell is increased,
and forward branch direction changes sharply. Beyond this

point, the behavior of the cylindrical shell changes from for-
ward mode to backward one before reaching the critical speed
and the frequencies increase.

Fig. 10 shows the influence of material attributes of fiber
and distribution of CNTs on non-dimensional frequencies of
agglomerated CNTFPML rotating cylindrical shell for various

rotational speeds. As predicted, when the non-dimensional fre-
quencies of the shell grow, the critical speed of the cylindrical
shell increases. As depicted in Fig. 10a and Fig. 10b, for l ¼ 0
and ¼ 1, which mean all CNTs dispersed in the matrix and

concentrated into the cluster, the non-dimensional frequencies
of the CARALL shell are more than GLARE. In addition, the
frequencies of symmetric agglomerated CNTs are greater than

for asymmetric. Also, the cylindrical shell with reach the crit-
ical speed for symmetric and asymmetric agglomerated CNTs
with glass fiber (l ¼ 0 and l ¼ 1, respectively, and forward



Fig. 6 Non-dimensional frequencies of CNTFPML rotating cylindrical shell vs. rotational speed for different g.

Fig. 7 Non-dimensional frequencies of agglomerated CNTFPML rotating cylindrical shell vs. rotational speed for different volume

fraction of metal.
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branch intersect the abscissa, while the direction of forward

mode is changed before reaching the critical speed for the other
distributions and material properties of fiber. Fig. 10c indicates
the non-dimensional frequencies of shell for l ¼ 0:5 which

shows a completely different trend in comparison with the
others. It is demonstrated that the non-dimensional



Fig. 8 Non-dimensional frequencies of agglomerated CNTFPML rotating cylindrical shell vs. l for different lay-ups and material

properties of fiber, X ¼ 10.

Fig. 9 Non-dimensional frequencies of agglomerated CNTFPML rotating cylindrical shell vs. rotational speed for different h=R.
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frequencies of none of the cylindrical shells reaches the critical
speed and their forward directions are changed before reaching

the critical speed.
The impact of mass fraction of fiber on the non-

dimensional frequencies of an agglomerated CNTFPML
rotating cylindrical shell for different values of g is considered
in Fig. 11. The figure illustrates that as the mass fraction of

fiber increases, the non-dimensional frequencies of the shell
grow for backward mode. Also, the frequencies of these cylin-
drical shells are compared between X ¼ 5 and X ¼ 30 in



Fig. 10a Non-dimensional frequencies of agglomerated CNTFPML rotating cylindrical shell vs. rotational speed for l ¼ 0, different

material properties and distributions of CNTs.

Fig. 10b Non-dimensional frequencies of agglomerated CNTFPML rotating cylindrical shell vs. rotational speed for l ¼ 1, different

material properties and distributions of CNTs.
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Fig. 11a and 11b. It is shown that when increasing the agglom-
eration constant, although the forward and backward modes
drop in the rotating cylindrical shell with X ¼ 5, the forward

and backward modes rise and fall in rotating cylindrical shell
with X ¼ 30. As well as this, the difference between non-
dimensional frequencies of the shells for different values of
mass fraction of fiber decrease as the rotational speed

increases.



Fig. 10c Non-dimensional frequencies of agglomerated CNTFPML rotating cylindrical shell vs. rotational speed for l ¼ 0:5, different

material properties and distributions of CNTs.

Fig. 11a Non-dimensional frequencies of agglomerated CNTFPML rotating cylindrical shell vs. g for X¼ 5 and different mass fractions

of fiber.
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Fig. 11b Non-dimensional frequencies of agglomerated CNTFPML rotating cylindrical shell vs. g for X¼ 30 and different mass

fractions of fiber.
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8. Conclusion

In this research, critical speed and free vibration of agglomer-

ated CNTFPMLs rotating cylindrical shells based on Love’s
first approximation shell theory and subjected to simply sup-
ported boundary conditions have been studied. The elastic

properties of CNTRCs cylindrical shell are determined using
Eshelby-Mori-Tanaka, while assuming an equivalent fiber
scheme. The CNTFPML cylindrical shell consists of four
phases: fiber, CNTs, polymer matrix and metal. To obtain a

CNTFPML cylindrical shell, in the first step the CNTs were
added to the matrix to reinforce it. In a second step, the rein-
forced matrix was used to reinforce the fiber phase and, finally,

the adhesive fiber prepreg has been combined with the thin
metal layers. The influences of rotational speed, agglomeration
constants, material properties of the fiber phase, lay-ups, vol-

ume fractions of metal and composite sections, mass fraction
of CNTs, length to radius ratio on the free vibration of the
CNTFPML cylindrical shell with respect to rotational speed

were considered. The results represent:

1) Effect of agglomeration on vibration of the rotating
cylindrical shell is remarkable. Non-dimensional fre-

quencies of the CNTFPML rotating cylindrical shell
grow for l ¼ 0:1 to l ¼ 0:5, while these frequencies
decline for g ¼ 0:1 to g ¼ 0:5.

2) Non-dimensional frequencies of the agglomerated
CNTFPML rotating cylindrical shell decrease as the vol-
ume fraction of metal increase since a growth in the vol-

ume of the metal creats a drop in the volume fraction of
the composite leading to a reduction in the elastic mod-
ulus of the structure. Also, the cylindrical shell reaches
the critical speed in the V m ¼ 0:1.

3) Lay-ups affect significantly the non-dimensional fre-

quencies of the shell. Moreover, the frequencies of unidi-
rectional lay-up for the composite section are greater
than cross-ply due to the greater stiffness. Furthermore,

when increasing the volume fraction of clusters with
respect to the total volume of RVE, the frequencies of
the CNTFPML rotating cylindrical shell grow because

the agglomeration value declines.
4) As the non-dimensional frequencies increase, the critical

speed of the cylindrical shell grows. Further, the non-

dimensional frequencies of the CARALL shell are
greater than GLARE for l ¼ 0 and ¼ 1, while this trend
is completely different for l ¼ 0:5. In addition, although
the frequencies of symmetric agglomerated CNTs are

greater than asymmetric for l ¼ 0 and ¼ 1, they show
a completely different trend for l ¼ 0:5.

5) As g increases, although the forward and backward

modes drop in the rotating cylindrical shell with
X ¼ 5, the forward and backward modes rise and fall
in the rotating cylindrical shell with X ¼ 30

Declaration of Competing Interest

The authors declare that they have no known competing
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.



Computational simulation of critical speed and dynamic analysis of agglomerated 15
Acknowledgments

The authors are thankful to the Russian Government and

Institute of Engineering and Technology, Department of
Hydraulics and Hydraulic and Pneumatic Systems, South Ural
State University, Lenin prospect 76, Chelyabinsk, 454080,
Russian Federation for their support to this work through

Act 211 Government of the Russian Federation, contract
No. 02. A03.21.0011.

Reference

Al-Furjan, M.S.H., Habibi, M., Rahimi, A., Chen, G., Safarpour, H.,

Safarpour, M., Tounsi, A., 2020a. Chaotic simulation of the multi-

phase reinforced thermo-elastic disk using GDQM. Eng. Comput.

https://doi.org/10.1007/s00366-020-01144-2.

Al-Furjan, M.S.H., Habibi, M., Jung, D.W., Sadeghi, S., Safarpour,

H., Tounsi, A., Chen, G., 2020b. A computational framework for

propagated waves in a sandwich doubly curved nanocomposite

panel. Eng. Comput. https://doi.org/10.1007/s00366-020-01130-8.

Al-Furjan, M.S.H., Habibi, M., Ni, J., Jung, D.W., Tounsi, A., 2020c.

Frequency simulation of viscoelastic multi-phase reinforced fully

symmetric systems. Eng. Comput. https://doi.org/10.1007/s00366-

020-01200-x.

Al-Furjan, M.S.H., Hatami, A., Habibi, M., Shan, L., Tounsi, A.,

2021. On the vibrations of the imperfect sandwich higher-order disk

with a lactic core using generalize differential quadrature method.

Compos. Struct. 257, 113150.

Alimirzaei, S., Mohammadimehr, M., Tounsi, A., 2019. Nonlinear

analysis of viscoelastic micro-composite beam with geometrical

imperfection using FEM: MSGT electro-magneto-elastic bending,

buckling and vibration solutions. Struct. Eng. Mech. 71, 485–502.

Allahkarami, F., Nikkhah-Bahrami, M., 2018. The effects of agglom-

erated CNTs as reinforcement on the size-dependent vibration of

embedded curved microbeams based on modified couple stress

theory. Mech. Adv. Mater. Struct. 25, 995–1008.

Ansari, R., Torabi, J., Faghih Shojaei, M., 2016. Vibrational analysis

of functionally graded carbon nanotube-reinforced composite

spherical shells resting on elastic foundation using the variational

differential quadrature method. Eur. J. Mech.-A/Solids 60, 166–

182.

Ansari, R., Torabi, J., 2016. Numerical study on the buckling and

vibration of functionally graded carbon nanotube-reinforced com-

posite conical shells under axial loading. Compos. B Eng. 95, 196–

208.

Arefi, M., Bidgoli, E.M.R., Dimitri, R., Tornabene, F., 2018. Free

vibrations of functionally graded polymer composite nanoplates

reinforced with graphene nanoplatelets. Aerosp. Sci. Technol. 81,

108–117.

Arshid, E., Khorasani, M., Soleimani-Javid, Z., Amir, S., Tounsi, A.,

2021. Porosity-dependent vibration analysis of FG microplates

embedded by polymeric nanocomposite patches considering

hygrothermal effect via an innovative plate theory. Eng. Comput.

https://doi.org/10.1007/s00366-021-01382-y.

Asundi, A., Choi, A.Y.N., 1997. Fiber metal laminates: an advanced

material for future aircraft. J. Mater. Process. Technol. 63, 384–

394.

Bendenia, N., Zidour, M., Bousahla, A., Bourada, F., Tounsi, A.,

Benrahou, K.H., Bedia, E.A.A., Mahmoud, S.R., Tounsi, A., 2020.

Deflections, stresses and free vibration studies of FG-CNT

reinforced sandwich plates resting on Pasternak elastic foundation.

Comput. Concr. 26, 213–226.

Bourada, F., Bousahla, A.A., Tounsi, A., Bedia, E.A.A., Mahmoud, S.

R., Benrahou, K.H., Tounsi, A., 2020. Stability and dynamic

analyses of SW-CNT reinforced concrete beam resting on elastic-

foundation. Comput. Concr. 25, 485–495.
Bousahla, A.A., Bourada, F., Mahmoud, S.R., Tounsi, A., Algarni,

A., Bedia, E.A.A., Tounsi, A., 2020. Buckling and dynamic

behavior of the simply supported CNT-RC beams using an

integral-first shear deformation theory. Comput. Concr. 25, 155–

166.
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