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In this work, a laminar steady-state investigation of free convection in a square cavity with differential
heated side walls is examined. The cavity is immersed with a viscoplastic liquid the Bingham prototype.
The horizontal walls are assumed as adiabatic and the vertical wall has two spatial differing sinusoidal
temperature profiles with diverse phases and amplitudes. The hydro-thermal features are systematically
analyzed via a broad choice of Rayleigh numbers Ra (103-106), Bingham numbers Bn, Prandtl numbers Pr
(0.1, 1, 10), amplitude ratio e (0–––1), phase difference / (0-p) and flow index n (0.3–2). The governing
equations are treated computationally utilizing a commercial computational simulation code CFD:
FLUENT. It has been observed that average Nusselt numbers grow with growing Rayleigh numbers and
drop with increasing Bingham quantity Bn, since heat transition occurs primarily due to thermic conduc-
tivity. In general, a higher Rayleigh number promotes convection and increases heat transfer efficiency,
leading to a higher Nusselt number, whereas a higher Bingham number, indicating a higher degree of vis-
cous or yield-stress behavior, may inhibit convection and decrease heat transfer efficiency, which ended
in a lower Nusselt number. These connections frequently appear in heat transport and fluid dynamics
simulations. The rise in the phase difference suggests an upsurge in heat transference, as the impact of
the phase shift on the Nusselt is perpetually enhanced due to the amount of Rayleigh boosts for all phase
differences. Heat transition rate for / ¼ p is boosted because of the values. Moreover, when the ampli-
tude ratio goes up, so does heat transfer. The gap between average Nusselt and Rayleigh amounts rose
as the Rayleigh rose. The thermal flow rate is bigger in e ¼ 1 than in the other cases. The rise in phase
difference suggests a rise in heat transference, as this effect of phase shift on Nusselt continues to be
enhanced due to the amount of Rayleigh boosts for all phase differences. Heat transition rate is enhanced
for / ¼ p based on the values. Plus, when the amplitude ratio grows, so does heat transmission. The rate
of heat transport for e ¼ 1 is larger than in the other cases.
� 2023 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Electrical devices, nuclear reactors, solar cells, HVAC systems,
cooling systems, thermal insulation, etc. all require convective heat
transfer to cool them. It is controlled by a fluid motion brought on
by a change in density brought on by a temperature differential.
For instance, internal free convection occurs in a partially heated
vertical cavity when the hollow’s vertical walls serve as both the
source and sinking. Free convection, that is, the flow resulting from
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Nomenclature

A;B;C; a correlation parameters
AR;B aspect ratio
AL dimensionless temperature difference
Bn Bingham number
Cp heat capacity ðJ=K:kgÞ
Gr Grashof number
g Gravity ðm=s2Þ
H Height ðmÞ
K consistency
L domain length ðmÞ
P Pressure ðPaÞ
Pr Prandtl number
Ra Rayleigh number
Nu Nusselt number
T temperature ðKÞ
Th hot temperature ðKÞ
Tc cold temperature ðKÞ

u; v velocity vector component ðm=sÞ
x; y Cartesian coordinates ðmÞ

Greek symbols
_c shear rate ðs�1Þ
_cc critical shear rate ðs�1Þ
b thermal expansion coefficient ðT�1Þ
e amplitude
k thermal conductivity ðW=mKÞ
h temperature
l plastic viscosity ðPa:sÞ
la apparent viscosity ðPa:sÞ
p Pi
q volumetric mass ðkg=m3Þ
/ phase deviation
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temperature-created density disparities, is commonly included in
various technological systems. Natural convection phenomena
have great importance in several engineering fields as cooling of
electronic devices, storage, and conservation of energy, heating,
and preservation of food, solar collectors, and solar walls (Sameti,
2018). As a result of these applications, and its largest interest in
the engineering industry, some of the available works of literature
(de Vahl Davis, 1983) are investigated for such movements, nota-
bly in the status of Newtonianism fluids. One of the interesting
studies (considered as the benchmark in the natural convection
field) concerns a square cavity where two opposite walls sides
are under the effect of different temperatures and the rest of the
walls are assumed as adiabatic conditions. As in this benchmark
study of convection, Davies (de Vahl Davis, 1983) demonstrates
that the temperature differential causing convection originates
from the side walls. Non-Newtonian fluids surround us and are
abundant, especially in the kitchen. Some of these fluids are pro-
duced naturally, such as molasses, while others are industrial,
food-related products.

Because non-Newtonian fluids do not adhere to Newton’s law,
the viscosity of these fluids, which may be defined as the ratio of
shear stress to shear rate, does not remain fixed but instead varies
according to the shearing rate. The coefficient of viscosity, as spec-
ified by Newton’s law of viscosity, is the measure that makes up
dynamic viscosity. The behaviour of non-Newtonian fluids has
been explained by several theories and concepts. To put it another
way, a non-Newtonian fluid is a material that, based on the rapid-
Fig. 1. Representative diagrams of the differentially heated cavity.
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ity at which it is struck, may take on the properties of either a solid
or a liquid. When we move it fast, such as by pushing, kneading,
throwing, or hitting it, it acts like a solid body; but, when we stop
moving it, it turns into a puddle in our hands. The mathematical
structure of a substance that functions as a rigid body at low stress
and flows as a viscid fluid at high stress was originally proposed by
Bingham. These substances are typically referred to as Bingham
liquids or Bingham plastics because they require a specific thresh-
old tension to begin flowing. Yield stress is the name given to this
threshold stress. The yielded and unyielded flow zones of the Bing-
ham fluid can be described using the Bingham paradigm. This is
the fundamental paradigm that describes how slurries and drilled
engineers cope with mud movement (Danane et al., 2020; Kada
et al., 2022). The Bingham concept is significant because it provides
a thorough explanation of how different fluids move. Some studies
focus on the examination of the hydro-thermal structure for these
kinds of non-Newtonian (viscoplastic fluid) (Ortega, 2019; Chen
et al., 2014). These studies found that the rheological parameters
of this fluid have a significant role in controlling the thermal and
hydrodynamic behavior of any phenomenon specifically for con-
vection. Boutra et al. (Boutra et al., 2011) numerically investigate
unsustainable free convection for a Bingham fluid that completely
fills a square cavity, analyzing the influence of Rayleigh values,
Prandtl quantities, and the Viscoplasticity parameter expressed
by Bingham number. The vertical sides are preserved at fixed tem-
perature while the horizontal assumed as adiabatic walls. They
declared that the thermal flowing is greatly impacted by the vari-
ation of Rayleigh, Prandtl, and Bingham quantities. Vikhansky
(Vikhansky, 2010) studied the flow of Bingham liquid within a
rectangular enclosure. It is considered that the top and lower walls
are adiabatic and temperature constancy is maintained along the
lateral walls. They found that convection occurs when the temper-
ature difference rises above a critical value. Fazli et al. (Fazli and
Frigaard, 2013) employed Bingham’s model fluid to analyse the
influence of elastic stress on free convection between two vertical
plates, the flow is unidirectional (1D) and They used the Boussi-
Table 1
Numerical mesh test for Nusselt number of Bingham fluid for Ra ¼ 104, Pr ¼ 7,
Bn ¼ 0:5.

Mesh M1 M2 M3

Grids 40 � 40 80 � 80 160 � 160
Nu 1.5167 1.5264 1.5286



(a) = 0.1 and = 104 (b) = 1 and = 104

(c) = 1 and = 105 (d) = 100 and = 106

Fig. 2. Comparison of the relationship provided in Eq. (13) with the computational results achieved and those of Ref. (Danane et al., 2020).

Table 2
Nusselt numbers validation with Ref. (Hassan et al., 2020) outcomes at Ra ¼ 105.

Bn 1 3 6 9 18 27

Ref. (Hassan et al., 2020) 3.303 3.263 3.083 2.898 2.402 2.143
Present 3.305 3.265 3.083 2.900 2.403 2.140
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nesq approximation. They explore the solution becomes very com-
plex when Bn > Bncr ¼ 1=16. The fluid flow stagnates, and the con-
duction is a dominant phenomenon. Kheyfati (Kefayati, 2018)
studied numerically the free double-diffusion, generations of con-
vective, and entropy of the Bingham liquid, inside an open and
inclined enclosure, respectively. The novelty of these articles is
the mass transference analysis in the existence of the Soret and
Dufour factors and the tilting effect. The results in Kheyfati
(Kefayati, 2019) have indicated that an upsurge in the Rayleigh
numbers value ameliorates heat and mass transfer, and the tilt
angles increase leads to reduced generations of entropy. The find-
ings show that an increase in heat transmission is seen with high
Rayleigh and Darcy values. Increasing of Bingham number (vis-
3

coplasticity parameters) leads to a reduction in the thermal flow
inside the enclosure. Whilst Ref. (Danane et al., 2020) results
showed that the growth in Rayleigh numbers intensifies the flow
of fluid inside the enclosure. Sairamu et al. (Sairamu et al., 2013)
observed the free convective of Viscoplastic fluid in ‘‘the Bingham
fluids model” and the gap is heated from the inner cylinder posi-
tioned at its center. The study was performed via a broad selection
of relevant parameters, Rayleigh quantity, Prandtl quantity, and
viscoplasticity parameters Bn, They discovered that the heat trans-
port rate reduced with the growth of Bingham parameters value. It
was also discovered that the Nusselt quantity illustrates an extre-
mely low dependency on Prandtl which is contained in the expres-
sion of the Rayleigh number. Paulo et al. (Santos et al., 2021) solved



Fig. 3. Comparison of the numerical result obtained (o) with those of Ref. (Turan
et al., 2011) (–) of the influence of the phase variation (e) on the mean Nusselt
numbers for / ¼ 1.

Fig. 4. Comparison of numerical results obtained (o) with those in Ref. (Turan et al.,
2010) (–) of the influence of the phase change (/) on the mean Nusselt numbers for
e ¼ 1.

Fig. 5. Bingham’s dimensionless fluid temperatures when Pr ¼ 7, Bn ¼ 0:5, / ¼ 0,
and e ¼ 1.

Fig. 6. Bingham’s dimensionless fluid velocities when Pr ¼ 7, Bn ¼ 0:5, / ¼ 0, and
e ¼ 1.
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numerically the free convection of a yield stress liquid within a
cavity with the presence of many obstacles and the vertical walls
were differentially heated, owing to the nature of the yield stress
behavior. It is remarked that raising the viscoplasticity parameter
has a significant result in reducing the circulation of flow inside
the cavity, consequently, affecting the heat transfer rate. Hassan
et al. (Hassan et al., 2020) studied computationally and experimen-
tally hydro-thermal flow behavior of viscoplastic fluid (Bingham
model) inside a rectangular cavity. This cavity is heated at the bot-
tom wall. and the side walls assumed as the cooled boundary. They
found that the convection flow becomes weak under constant heat
flux contrary to the isothermal condition case. Turan et al. (Turan
et al., 2011; Turan et al., 2010) performed 2D simulations of free
laminar convection inside the cavity. The study was done for differ-
ent Newtonian fluids and non-Newtonian fluids (Bingham fluid
4

model) heated differently from sidewalls for different aspects.
They found that the Nusselt values for Bingham fluid are lower
than those of the Newtonian fluid considering the weakened trans-
port by convection in the case of Bingham fluid. Abderrahmane
et al. (Abderrahmane et al., 2018) investigate numerically the free
convection inside a square enclosure differentially heated and con-
tained Herschel-Bulkely fluid, they analyzed the effect of Prandtl
and Rayleigh values on the rheological structure of fluid. The verti-
cal wall sides are set at different temperatures; however, the hor-
izontal side wall is insulated. This working fluid is characterized by
the rheological index (n) and a yield stress parameter (s0). They
show that variations of Rayleigh numbers, Bingham numbers,
Prandtl numbers, and flow index affect the thermal structure. Huil-
gol et al. (Huilgol and Kefayati, 2015) analyzed the free convection
in a square cavity with vertical differential heating and contained
viscoplastic fluid. This investigation was conducted varied the



= 103

= 104

= 105

= 106

Fig. 7. Isotherm contours (left) and streamline contours (right) of the Bingham fluid for Bn ¼ 0:5, Pr ¼ 7, / ¼ 0, and e ¼ 1.
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Fig. 8. Dimensionless Newtonian fluid temperatures for Bn ¼ 0:5, Pr ¼ 7, / ¼ 0, and
e ¼ 1.

Fig. 9. Dimensionless Newtonian fluid velocities for Bn ¼ 0:5, Pr ¼ 7, / ¼ 0, and
e ¼ 1.
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Rayleigh, Prandtl, and Bingham numbers. The findings demon-
strate that heat transfer rises as Rayleigh numbers rise. However,
the increasing of the viscoplasticity parameter Bn decreases the
heat transfer rate, for more details see Ref. (Bijjam and Dhiman,
2012).

In the most published works, the simultaneous impact on ther-
mal transfer and flow patterns of boundary restrictions and the
nature of non-Newtonian fluids in 2D confined space in particular
(Herschel-Bulkely) fluid has not been fully understood. Against this
background, this study sets out to numerically investigate the
hydro-thermal flow of this viscoplastic fluid (Herschel-Bulkely
model), the effects of Ra, Bn, Pr, e, / and n are systematically inves-
tigated. However, it should be noted that in the current examina-
tion, plastic viscosity and yield strength are considered to be
independent of temperature.
6

2. Description of the mathematical model

In the case of free convective flowing in a differential heated
cavity, the vertical walls are subjected to sinusoidal temperatures,
as long as the horizontal walls are adiabatic (Fig. 1). In order to
make the mathematical description of the conceptual framework
more manageable and straightforward and to speed up the accu-
racy thereof, certain approximations and simplifying assumptions
are made:

� 2-D Steady–state flow.
� The non-Newtonian fluid (viscoplastic model).
� The regime is supposed to be laminar.
� The Boussinesq approximation simplifies the pressure forces.

The momentum equations:
The Navier-Stokes equations system for this study is presented

as follows (Sairamu et al., 2013).
The continuity formula:

@u
@x

þ @v
@y

¼ 0 ð1Þ

Following x:

u
@u
@x

þ v @u
@y

¼ � @p
@x

þ Pr 2
@2u
@x2

þ @2u
@y2

þ @2v
@x@y

 !

þ 2
@la

@x
@u
@x

þ @la

@y
@u
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þ @la

@y
@v
@x

� �
ð2Þ

Following y:

u
@v
@x

þ v @v
@y

¼ � @p
@y

þ Pr
@2v
@x2

þ 2
@2v
@y2

þ @2u
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 !
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@x
@v
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þ 2
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@v
@y

þ @la

@x
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� �
þ RaPrh ð3Þ

The energy equation:

u
@h
@x

þ v @h
@y

¼ @2h
@x2

þ @2h
@y2

 !
ð4Þ

where

la ¼ K _cn�1 þ s0
_c ifs > s0;

_c ¼ 0 la ! 1� �
ifs � s0:

)
ð5Þ

The above equations became dimensionless by introducing
these variables.

x ¼ x�

L
; y ¼ y�

L
;u ¼ u�L

a
;v ¼ v�L

a
;p ¼ p�L

qa2 ; h ¼ T � TC

TH � TC

The top and the bottom boundaries of the domain:

dh
dy

¼ 0;u ¼ v ¼ 0

The vertical walls are exposed to sinusoidal temperatures:
at the right side u ¼ v ¼ 0; h ¼ esin 2pyþ /ð Þ,
at the left side u ¼ v ¼ 0; h ¼ sin 2pyð Þ,where e ¼ AR=AL repre-

sents the amplitude of the sinusoidal temperature. The bottom of
the cavity represents the lowest point, while the highest point is
located at the top, with AR ¼ H=L and AL ¼ Th � Tc . These types of
boundary conditions are not defined in the software for this reason
we have developed two user-defined functions written in C lan-
guage to model the problem. The thermal transfer rate is analysed
by the parameter Nusselt quantity. The overall thermal flow rate
for the entire enclosed space is the summation of the average



= 10

= 10

= 10

= 10

Fig. 10. Isotherm contours (left) and streamline Contours (right) of the Newtonian fluid for Pr ¼ 7, / ¼ 0, and e ¼ 1.
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Fig. 11. Bingham’s dimensionless fluid temperatures for Ra ¼ 104, Pr ¼ 7, / ¼ 0,
and e ¼ 1.

Fig. 12. Bingham’s dimensionless fluid velocities for Ra ¼ 104, Pr ¼ 7, / ¼ 0, and
e ¼ 1.
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Nusselt quantities alongside the heated halves of the two vertical
sidewalls, as mentioned by the average Nusselt quantity:

Nu
�

¼
Z
heatinghalf

Nuldyþ
Z
heatinghalf

Nurdy ð6Þ

The Nusselt number is computed for the investigated status to
observe when rheological behavior leads to an improvement or
degradation in heat transfer rate.

The Herschel-Bulkley model is controlled by the subsequent
expressions:

_c ¼ 0ifs � s0;
s ¼ s0 þ K _cnifs > s0

�
ð7Þ
8

The Bingham model is regulated by the next formulas:

_c ¼ 0ifs � s0;

s ¼ lþ s0
_c

� �
_cifs > s0:

)
ð8Þ

Dimensionless Rayleigh number

Ra ¼ q2CpgbDTL3

lk
¼ GrPr ð9Þ

Dimensionless Grashoff number:

Gr ¼ q2gbDTL3

l2 ð10Þ

Dimensionless Prandtl number

Pr ¼ lCp
k

ð11Þ

Dimensionless Bingham number:

Bn ¼ s0
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L

gbDTL

s
ð12Þ
3. Numerical methods

The numerical simulation is provided with the help of the com-
mercial CFD software FLUENT. The governing equations are
resolved to employ a finite volume approach established on the
SIMPLEC (Semi-Implicit Method for Pressure Linked Equations-
Consistent) methodology, which is a modified variation of the SIM-
PLE algorithm, is a mathematical calculation process that has been
widely employed in the area of computational fluid dynamics to
solve the Navier–Stokes equations. This approach was developed
in the 1980 s to focus on the given boundary constraints. The equa-
tions are discretized by applying the second-order upwind differ-
encing approach. Finally, when the total of the residuals is
smaller than 10-5, the convergence conditions for governing equa-
tions are satisfied.

3.1. Mesh test

The influence of the mesh on the results is tested and for this,
three structured meshes M1 (40 � 40), M2 (80 � 80) and M3

(160 � 160) are used, however, the results obtained from the Nus-
selt number are presented in Table 1.

It is observed that the heat transference rate (Nusselt numbers)
exhibits constant values. for the two meshes M1 and M3. Neverthe-
less, the judicious choice of the M2 mesh (6561 nodes, 6720 ele-
ments) is a good compromise between precision and the cost in
CPU time.
3.2. Validation

To confirm the accuracy of our findings, we compare them with
the results obtained in previous studies conducted by the refer-
ences mentioned in the literature. (Danane et al., 2020; Sairamu
et al., 2013) and (Santos et al., 2021) in Fig. 2. The numerical model
in this study collaborates and the Nusselt is compared, which is a
parameter that includes speeds and temperatures with the follow-
ing correlation:

Nu ¼ 1þ ARa1=2

Bn
2 þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bn2 þ 4 Ra

Pr

� �1=2q
 � 1� Bn
Bnmax

� �b

ð13Þ



= 10 , = 0

= 10 , = 0.5

= 10 , = 0.75

Fig. 13. Bingham fluid isotherm contours (left) and streamline contours (right) when Pr ¼ 7, / ¼ 0, and e ¼ 1.
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= 10 , = 1

= 10 , = 1.5

Fig. 13 (continued)

Fig. 14. Bingham’s dimensionless fluid temperatures for Ra ¼ 106, Pr ¼ 7, / ¼ 0,
and e ¼ 1.

Fig. 15. Bingham’s dimensionless fluid velocities for Ra ¼ 106, Pr ¼ 7, / ¼ 0, and
e ¼ 1.
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= 10 , = 0

= 10 , = 3

Fig. 16. The Bingham fluid isotherm contours (left) and streamline contours (right) when Pr ¼ 7, / ¼ 0, and e ¼ 1.
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A ¼ aRam�0:25 Prn�0:25

1þ Prð Þn �
1

Ra0:25Pr0:25
ð14Þ

b ¼ 0:42Ra0:13Pr0:12 ð15Þ

Bnmax ¼ 0:019Ra0:56Pr�0:46 ð16Þ
Nusselt numbers are compared and validated with results from

Refs. (Hassan et al., 2020); (Turan et al., 2011) and (Turan et al.,
2010), respectively as shown in Table 2, Figs. 3 and 4. An accept-
able accord can be seen from the current outcomes and the ones
described in Refs. (Hassan et al., 2020); (Turan et al., 2011), and
(Turan et al., 2010).

4. Results and discussion

This part will be reserved for the two-dimensional model of the
free convective flowing of a differential heated cavity. Rayleigh
11
quantity Ra, the Bingham quantity Bn, the Prandtl quantity Pr,
the amplitude e, phase difference /, and flow index n are varied
to get the results.
4.1. Rayleigh number effect

The dimensionless temperature and velocity distributions of
non-Newtonian (the Bingham fluid) and the Newtonian fluid along
the horizontal mid-plane are demonstrated in Figs. 5, 6, and 8, 9,
separately, for different Rayleigh values. For Ra ¼ 103, the temper-
ature outline is perfect linearly, and the rapidity at the vertical
plane is negligible because the flow is very small. Since the effect
of buoyancy is primarily related to the viscous effect. According
to these conditions, heat transfer is entirely conducted through
the cavity. At smaller Rayleigh numbers (Ra ¼ 103), convection is
too weak, so thermal flow is controlled by thermal conducting
mechanisms, as illustrated by the isothermal lines. when the Ray-



= 10 , = 5

= 10 , = 10

= 10 , = 20

Fig. 16 (continued)
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leigh quantity rises to Ra ¼ 105, the isotherm structures and the
streamline structures begin to change for both Bingham and New-
tonian fluids as shown in Figs. 7 and 10 respectively. We noted that
the streamlines’ structure is in the shape of four-spot cells with
12
symmetries, approximately vertically and horizontally, however,
these cells change and deform where the increment of the Rayleigh
value. At this particular juncture, convectional heat is evidently
initiated.



= 0, = 0.1

= 0, = 1

= 0, = 10

Fig. 17. Contours of Newtonian fluid isotherms for Ra ¼ 105, / ¼ 0, and e ¼ 1.

= 1, = 0.1

= 1, = 1

= 1, = 10

Fig. 18. Contours of Bingham’s fluid isotherms for Ra ¼ 105, / ¼ 0, and e ¼ 1.
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= 0

= /4

0= /2

Fig. 19. Isothermal contours (left) and streamlined contours (right) of the Bingham fluid when Ra ¼ 105, Pr ¼ 7, Bn ¼ 0:5, and e ¼ 1.
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4.2. Bingham number effect

With higher plasticity values (Bn), the viscid power added easily
affects the buoyancy power, and hence no fluxing is created in the
cavity. This result is evident from Figs. 11 and 12, 14 and 15 where
the influence of plasticity parameters (Bn) on the dimensionless
temperature distributions and the velocity at the horizontal level
14
are observed for Ra ¼ 104 and Ra ¼ 106. It could be observed in
Figs. 11 and 12, 14 and 15 For higher amounts of Bn, the tempera-
ture distribution becomes uniform, and the vertically element of
the rapidity vanishes, under this situation, the thermal flow occurs
entirely by conduction through the cavity. We add to this that the
temperatures and velocities take a sinusoidal form depending on
the nature of the boundary constraints.



= 3 /4

=

Fig. 19 (continued)
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A better understanding of this behavior can be achieved by com-
paring the streamlined contours and dimensionless isotherms
depicted in Figs. 13 and 16. For diverse amounts of Bn at Ra ¼ 104

and Ra ¼ 106 respectively. These figures reveal that the influence
of convective within the cavity decreased with the growth of Bing-
ham value and Bingham’s fluid started to become like a solid. For
Bn � Bnmax, the velocity of fluid decreases to such small amounts
where for all reasonabledeterminations the liquid ismainly stagnat-
ing. In the absence of flux in the cavity, thermal flow occurs by con-
duction. Note that Bnmax ¼ 1 for Ra ¼ 104 and Bnmax ¼ 10 for
Ra ¼ 106.
4.3. Prandtl number effect

It is noticed that the contours of the isotherms which are indi-
cated in Figs. 17 and 18 for Bn ¼ 0 and Bn ¼ 1 respectively, show
that with the increase in Pr and Bn, the isotherms are grouped
15
same cases for the boundary layers close to the two side walls. In
this case, heat transport is accomplished entirely by conduction
over the enclosure.

4.4. The impact of the phase variation

Fig. 19 illustrates the variants of the streamline contours and
isothermal lines with a phase variation that varies from / ¼ 0 to
/ ¼ p. For a phase shift / ¼ 0, the streamlines have a structure
with four cells which form a horizontal and vertical symmetry as
long as the isothermal contours of the left side wall and that of
the right are identical. For / ¼ p the streamlines get a three-cell
pattern with a single big diagonal cell and two small edge cells that
are both the same size. The size of the upper edge cell grows larger
as the phase difference rises. When / ¼ p, the flowing system is
two almost similar cells in the enclosed halves, and the bottom
edge vanishes. The isothermal outlines along the left-side barrier
are nearly retained after phase change modification, however, the



Fig. 20. Bingham’s dimensionless fluid temperature for Ra ¼ 105, Bn ¼ 0:5, Pr ¼ 7,
and e ¼ 1.

Fig. 21. Bingham’s dimensionless fluid velocity for Ra ¼ 105, Pr ¼ 7, Bn ¼ 0:5, and
e ¼ 1.

Fig. 22. Isotherms contours (left) and streamline contours (right) of the Bingham fluid for Ra ¼ 105, Pr ¼ 7, Bn ¼ 0:5, and./ ¼ 0:
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Fig. 23. Bingham’s dimensionless fluid temperature for Ra ¼ 105, Pr ¼ 7, Bn ¼ 0:5,
/ ¼ 0.

Fig. 24. Bingham’s dimensionless fluid velocity for Ra ¼ 105, Pr ¼ 7, Bn ¼ 0:5, and
/ ¼ 0.

Fig. 25. Bingham’s dimensionless fluid temperature for Ra ¼ 105, Pr ¼ 7, Bn ¼ 0:5,
e ¼ 1, and / ¼ 0.

Fig. 26. Bingham’s dimensionless fluid velocity for Ra ¼ 105, Pr ¼ 7, Bn ¼ 0:5, e ¼ 1,
and / ¼ 0.
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isothermal patterns alongside the right-side barrier fluctuate. As a
result, the heat transmission on the left-side barrier is maintained
constant while it varies on the right-side barrier.

It has been noticed that the temperatures and the velocities
indicated on Figs. 20 and 21 respectively, take sinusoidal forms
according to the nature of the boundary conditions, it has also been
observed that before x ¼ 0:5 (left wall) the temperatures and the
velocities decrease despite the increase in / but after x ¼ 0:5 (right
wall), the latter increase but negatively that we can explain by,
since the temperatures and velocities increase with increasing
phase shift /, we have the right wall which is more heated than
the one on the left and this is due to the sinuses of the right wall
which is greater than that of the left wall because the variation
17
of / takes place on the right wall while / of the left wall is kept
fixed, where the increase in the distribution of temperatures and
velocities in the right wall is in a negative way which explains a
depression, or that the flow increases with the increase in the
phase shift but which is delayed and the convection is done in an
anti-clockwise direction (from the right wall to the left wall).
Finally, we noticed that / ¼ 0 and / ¼ p coincide.

4.5. The impact of amplitude

The streamlines and isothermal lines in the magnitude ratio
example are exhibited in Fig. 22. The isothermal lines show that
the temperature changes are mostly in a narrow surface close to



= 0.3

= 0.5

= 0.75

Fig. 27. Bingham fluid isothermal contours of (left) and streamline contours (right) of the for Ra ¼ 105, Pr ¼ 7, Bn ¼ 0:5, e ¼ 1, and / ¼ 0.
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= 1.5

= 2

Fig. 27 (continued)
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the side wall left, while the streamlining shows that symmetri-
cal cells are generated in the higher and lower centre of the cavity
for (e ¼ 0).

Hence, heat transfer happens only on the left boundary wall. As
the amplitude ratio rises to (e ¼ 0:5), a four-cell flow is created
inside the cavity, in addition, two subsidiary circulations are pre-
sent near the right-sideways wall, in addition to the two primary
circulations close to the left-side wall.

As a result, the isotherm along the left wall is remarkably sim-
ilar to before, so the heat transference through the surface remains
constant. However as observed, the temperature of the right wall is
no longer consistent, and a few isothermal lines occur near the
plane, resulting in poor heat transition. If e continues to increase,
the flow structure changes. The two subordinate cells near the
right-side wall change and form horizontal and vertical symmetry.
Ultimately, it is remarked that the rise of e develops heat transfer-
ence. It has also been noticed that the temperatures and velocities
indicated in Figs. 23 and 24 respectively, increase with the increase
in the ratio of the amplitude and take sinusoidal forms according to
the nature of the boundary conditions.
4.6. Flow index effect

In Figs. 25, 26, and 27, streamlines and isotherms are shown for
five values of n (0.3, 0.5, 0.75, 1.5, and 2.0). For n ¼ 0:3, it is noticed
19
that the streamlines are of three-cell construction through one lar-
ger diagonal cell and two lesser edge cells of the same proportions,
with increasing n the structure changes from three cells to four
cells which forms a horizontal and vertical symmetry. As for the
isotherms, their appearance changes with the increase in the flow
index. We note that with this increase, the isotherms regroup
which means slight lowness of the convection process.

This growth of the flow index has also influenced the vertical
velocities which tend to decrease, and this is due to the increase
in the apparent viscosity or quite simply that the fluid becomes
viscous, as seen in Fig. 26, same observations for the temperatures
which fall with the increase in n. It has also been noticed that the
temperatures and velocities take sinusoidal forms depending on
the boundary conditions.
4.7. Effect of Nusselt number

Fig. 28 depicts the fluctuations in the averaged Nusselt num-
bers that occur within the cavity in terms of the Rayleigh num-
bers for various levels of phase deviation. The remainder of the
cavity’s characteristics remain the same, with e ¼ 1, Pr ¼ 0:1. It
has been discovered that the average Nusselt number, denoted
by Nu, steadily increases whenever the Rayleigh numbers, denoted
by Ra, go up for any given amount of phase variation value /,
denoted by. Fig. 29 displays the mean Nusselt numbers of changes



(a) = 10 (b) = 10

(c) = 10

Fig. 28. Influence of the phase variation / on the mean Nusselt numbers for Pr ¼ 0:1 and e ¼ 1.
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of the cavity, denoted by Nu, in connection to Rayleigh quantity
changes, denoted by Ra, for a variety of amplitude ratios e, denoted
by. By increasing the Rayleigh numbers and maintaining the same
amplitude ratio, the averaged Nusselt numbers will increase. Con-
versely, as the amplitude ratio grows from 0 to 1 for varying Ray-
leigh quantities, so does the average Nusselt quantity. The plot
reveals that the heat transference increases with the amplitude
ratio e and is higher for e > 0 than for e ¼ 0. It was discovered that
the number of Nusselt decreased as the number of Bingham
increased, especially at high Bingham numbers, since heat trans-
mission was mostly accomplished by conduction. The regime dom-
inated by conduction results in higher Bn values in exchange for
increasing Ra values.

5. Conclusions

This study relates a computational examination of the 2-D and
3-D free convective flowing of a viscoplastic fluid. The viscoplastic
20
comportment is depicted by the Bingham prototype. The 3-D con-
sidered convection flowing is constrained in a cavity, subject to the
horizontal temperature differences knowing that the horizontal
sides are thermal isolated, and the vertical sides have two sinu-
soidal temperatures. The following conclusions can be drawn:

& For rising Rayleigh levels, the conducting dominated process
comes at larger Bingham numbers.

& The Nusselt number decreases with improving Bingham quan-
tity, For larger quantities of the latter, heat transfer primarily
occurs through conduction. in contrast, the Nusselt of Newto-
nian and Bingham liquids increases with increasing Rayleigh
values. Heat transference boosts as the amplitude ratio grows.

& The growth in the phase change indicates the growth in the heat
transference, concerning the impact of the phase shift on the
Nusselt numbers, the latter is always increased because of the
number of Rayleigh boosts for all phase differences. It is noted
that the thermal transition rate is enhanced for / ¼ p.



(a) = 10 (b) = 10

(c) = 10

Fig. 29. Influence of the amplitude ratios e on the mean Nusselt numbers for Pr ¼ 0:1 and / ¼ 0.
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& As the amplitude ratio rises, heat transfer increases. We also
found that the discrepancy of the average Nusselt related to
the Rayleigh amounts, when the Rayleigh increased the Nusselt
increased. The thermal flow rate for e ¼ 1 is greater than in the
other situations.

& The increase in the flow index n slightly lowers the convection
process and indicates an expansion in the apparent viscosity or
simply that the liquid becomes viscous.
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