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Abstract In this manuscript, the sequel of agglomeration on the vibration of fiber metal laminated

(FML) cylindrical shell in the micro phase using developed couple stress theory (MCST). Hamil-

ton’s principle has been carried out for deriving the non-classical equations of motion of size-

dependent thin micro cylindrical shell on the basis of Love’s first approximation theory. Mori-

Tanaka and extended rule of mixture are utilized to estimate the mechanical attributes of carbon

nanotubes (CNTs) and equivalent fiber, respectively. These four phases CNTs/fiber/polymer/metal

laminated (CNTFPML) micro cylindrical shell is analyzed applying beam modal function model for
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several boundary limitations. Then, an investigation is performed to study the impacts of differing

input parameters namely material length scale parameter, agglomeration, the distributions of

agglomerated CNTs, the mass fraction of equivalent fiber and the volume fraction of CNTs on

the frequency response of micro agglomerated CNTFPML cylindrical shell. The main output illus-

trated that the growth of frequencies is directly dependent to the increase of material length scale

parameter for this agglomerated CNTFPML cylindrical shell so that through increasing the values

of agglomeration parameters g and l and material length scale parameter l altogether, the frequen-

cies of this cylindrical shell grow.

� 2022 The Authors. Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Compared to metal, the application of composites has been grown in

the previous decades due to of required to light weight and high

strength structures and design ability to construct the structures with

high stress tolerance in an arbitrary direction in modern engineering.

More information about laminated composite structures and function-

ally graded materials (FGMs) can be observed with a deep considera-

tion to the complementary references (Ghasemi and Mohandes, 2016;

Mohammadimehr and Mohandes, 2015; Zhou et al., 2022; Chen et al.,

2021; Chen et al., 2021; Mou and Bai, 2018; Baghlani et al., 2020;

Khayat et al., 2020; Khayat et al., 2019; Khayat et al., 2017). Although

composite materials have excellent strength, their fragile behavior

under impact loading is an essential problem. This deficiency could

be led to some critical problems namely crack, delamination and

debonding, while ductile materials tolerate impact loading. So, using

the combination of these two materials, which composite layers are

bounded by aluminum metal face sheets to protect the composite

materials, Fiber Metal Laminates (FMLs) were produced for more

availability of the advantages of composites as well as metals in indus-

tries. FMLs have promoted their individual negative properties such as

poor impact resistance of composites and poor fatigue strength of met-

als. Due to promoted mechanical properties of FMLs against compos-

ites and metals separately, their applications have been gradually

increased in various industries such as fan blades in aeroengine, panels

in military and civil aircrafts, solar panels in satellites. In addition,

FMLs are applicable for complex environment under intense impact

accidents namely hailstone, tool collisions, birds, and runway debris

or under severe dynamic loading such as continuous drastic spinning

imbalance loads. With increasing the usage of sandwich and FMLs

in various industries, numerous investigations have been leaded to

vibration of these structures (Mohandes et al., 2018; Ghasemi and

Mohandes, 2019; Iriondo et al., 2015; Ghasemi and Mohandes,

2019; Khalili et al., 2010; Zhang et al., 2021; Liu et al., 2021) and

the other structures (Wang et al., 2022; Ma et al., 2022; Tao et al.,

2017). Tao et al. (Fu et al., 2014) obtained frequencies, mode shapes

and deflection of FML Euler-Bernoulli beams with a single-open sided

crack subjected to different boundary conditions. Some researchers

(Fu and Shao, 2014) studied nonlinear geometrical dynamic of FML

beam under thermal and mechanical loadings utilizing differential

quadrature method. Nonlinear dynamic response of FML rectangular

plate under thermal loading with interfacial damage was conducted by

Fu and Shao (Ghasemi and Mohandes, 2020). Ghasemi and Mohan-

des (Mahmood et al., 2021) employed developed couple stress theory

(MCST) to consider dynamic of micro FML cylindrical shell.

In the recent years, modern industries need materials which are

applicable in different environmental circumstances such as variety

of thermal, mechanical, and chemical properties as well as reasonable

price. Carbon nanotubes (CNTs) are expected to have proper indus-

trial potential due to their excellent thermal, mechanical and electrical

properties such as great aspect ratio, high thermal, low density, high

tensile strength, high elastic modulus, and electrical conductivities

(Ghasemi and Mohandes, 2016; Ninh et al., 2021). They have attracted
much attention and redundant applications in nano-engineering appli-

cations namely actuators, oil probes, nano reactors, chemical sensors,

and support catalysts. Based on the mentioned benefits of CNTs in the

field of structural mechanics, numerous studies have been conducted

by researchers which are including both static and dynamic behaviors

of nanocomposite structures (Ebrahimi and Seyfi, 2021; Miao et al.,

2021; Moradi-Dastjerdi and Behdinan, 2021; Sheybani et al., 2021;

Mohandes and Ghasemi, 2019; Ghasemi and Mohandes, 2019;

Mohandes and Ghasemi, 2019; Mohammadimehr et al., 2016;

Huang et al., 2021; Zerrouki et al., 2021; Arshid et al., 2021; Heidari

et al., 2021; Bendenia et al., 2020; Pan et al., 2021; Behdinan et al.,

2020; Qin et al., 2020; Qin et al., 2019; Liu et al., 2022; Sobhani and

Masoodi, 2021; Sobhani et al., 2022; Sobhani et al., 2021; Rezaiee-

Pajand et al., 2020; Nasution et al., 2022; Khayat et al., 2021;

Khayat et al., 2021; Khayat et al., 2021; Khayat et al., 2021; Khayat

et al., 2022; Mohammadimehr et al., 2018). Mohammadimehr et al.

(Chakraborty et al., 2019) reached natural frequencies of cylindrical

composite panel undergoing magneto-electro fields using first order

shear deformation theory (FSDT). The composite panel was rein-

forced by different distributions of CNTs which were arranged in

Poly-vinylidene fluoride matrix. Chakraborty et al. (SafarPour et al.,

2019) analyzed nonlinear vibration and stability of pre-buckled and

post-buckled laminated composite cylindrical panels reinforced by

CNTs. They found out that the volume fraction of CNTs had a

remarkable influence on vibration and post-buckling responses of this

panel. SafarPour et al. (Zhu et al., 2012) considered the impact of crit-

ical voltage on vibration and buckling of rotating reinforced CNTs

cylindrical shell. Free vibration and bending of reinforced composite

plate based on FSDT were studied by Zhu et al. (Guo and Zhang,

2016). The outputs indicated that the natural frequencies and mode

shapes were affected by different volume fraction of CNTs and

width-to-thickness ratio. Guo and Zhang (Bousahla et al., 2020) con-

sidered nonlinear vibration of composite plates reinforced by CNTs

undergoing combined in-plane and transverse excitations for simply

supported boundary condition. Bousahla et al. (Shen and Xiang,

2012) focused on vibration and buckling of composite beam reinforced

by CNTs.

Nonlinear vibration of composite shells with or without CNTs is

one of the main matters of engineering and it has developed recently.

In nonlinear vibration analysis of composite shells, it is significant to

survey their frequencies and mode shapes, due to the structures of

composite shell which often operate to dynamic loads in different sit-

uation. Shen and Xiang (Shen et al., 2017) proposed the vibration of

reinforced composite cylinders under thermal loading using von-

Karman assumption based on HSDT. Shen et a. (Li et al., 2020) con-

sidered the effects of graphene reinforced composites on the nonlinear

vibration of laminated cylindrical shells undergoing thermal loading

based on Reddy’s third order shear deformation theory. Some

researchers (Liu et al., 2021) promoted a new analytical model for pre-

diction of strain parameters of composite shell reinforced by CNTs

with partial constrained layer damping. They used Jones-Nelson non-

linear theory to analyze material properties as nonlinearity. Some

researchers (Li et al., 2021) presented a novel method to optimize

http://creativecommons.org/licenses/by-nc-nd/4.0/
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the nonlinear forced vibrations of FG shells fabricated applying piezo-

electric materials in multi-physics fields undergoing electro-thermo-

mechanical loadings. Both material and geometrical nonlinearities

for vibration of fiber reinforced polymer composite cylindrical shells

within thermal environment has been studied (Li et al., 2021). Some

researchers (Li et al., 2021) considered nonlinear forced vibration of

FGM sandwich cylindrical shells with porosities on an elastic sub-

strate. The researchers (Ebrahimi and Beni, 2016) have been concen-

trated on the experimental and theoretical analyses of nonlinear

vibration of fiber-reinforced composite cylindrical shells with bolted

joint boundary limitations.

The material’s stiffness and strength can be increased with decreas-

ing the size scale that is named size effects. The classical continuum

mechanics theory is unable to count the size effects in micro scale

structures, while some higher order continuum theories have been used

to specify the size effect. The strain gradient approach and couple

stress theory (CST) are used for micro structures with a bit difference.

The variable for describing curvature is introduced using strain and

rotation for strain gradient and couple stress theories, respectively.

As a conclusion, it can be understood that the CST is a specific form

of the strain gradient theory. Ebrahimi and Beni (Akgoz and

Civalek, 2011) obtained natural frequencies of short piezoelectric cylin-

drical nanotube using shear deformable cylindrical theory according to

consistent CST. Akgoz and Civalek (Akgoz and Civalek, 2016; Habibi

et al., 2019) used strain gradient elasticity and MCST for buckling and

bending analysis of micro beams. Habibi et al. (Zeighampour and

Beni, 2014) applied MCST for nonlinear free vibration of magneto-

electro-elastic Euler-Bernoulli nano beams under thermal loading.

Zeighampour and Beni (Zeighampour and Beni, 2014) utilized strain

gradient theory for developing cylindrical thin-shell model to analyze

free vibration of CNTs subjected to simply-supported boundary condi-

tion. In the same study (Pashmforoush, 2020) they studied free vibra-

tion of thin conical shells utilizing MCST. Pashmforoush (Mehralian

and Beni, 2018) considered low velocity impact response of composites

reinforced by CNTs based on finite element model using Hashin’s cri-

terion and cohesive zone modeling. Mehralian and Beni (Soleimani

and Beni, 2018) applied strain gradient theory for dynamic replies of

bimorph FG piezoelectric cylindrical shell via FSDT. The natural fre-

quencies of axisymmetric shell element using MCST were obtained by

Soliemani and Beni (Zeighampour and Beni, 2017). Zeighampour and

Beni (Sobhani et al., 2022) studied wave propagation of FG micro

cylindrical shell reinforced by CNTs using strain gradient theory based

on shear deformable shell theory.

Although CNTs have some efficiencies that promote electro-

thermo-mechanical properties of structures and these benefits are

existed when they uniformly dispersed in the matrix, they have a defi-
Fig. 1 CNTFPML micro cylindric
ciency which is agglomeration. They tend to be agglomerated in a clus-

ter because of their maximum aspect ratio (usually>1000) and low

bending stiffness because of small diameter and/or elastic modulus in

the radial direction (Allahkarami and Nikkhah-Bahrami, 2017). Allah-

karami and Nikkhah-bahrami (Ebrahimi et al., 2019) studied free

vibration of CNTs reinforced micro curved Timoshenko beam with

considering agglomeration factors using generalized differential

quadrature method. Another article in this interest field was arranged

by Ebrahimi et al. (Ebrahimi et al., 2019) dealing with the efficiency of

agglomeration on the vibration of multi-scale hybrid plates reinforced

by CNTs. Ebrahimi et al. (Garcı́a-Macı́as and Castro-Triguero, 2018)

could analytically solve the equations of motion for wave frequency

and phase velocity of multi-scale hybrid CNTs reinforced beams with

agglomeration effects. Garcı́a-Macı́as and Castro-Triguero (Daghigh

and Daghigh, 2019) presented the effects of waviness and agglomera-

tion on vibration of CNTs reinforced skew plates. Daghigh and

Daghigh (Afshari and Amirabadi, 2021) successfully probed free vibra-

tion of agglomerated composite plates reinforced by CNTs mounted

on elastic foundation under thermal loading. Afshari and Amirabadi

(Ghasemi et al., 2019) surveyed the effect of rotational speed on

agglomerated CNTs reinforced truncated conical shells based on

FSDT using a semi-analytical solution. The issue of vibration of

FML CNTs reinforced cylindrical shell has been studied (Syah et al.,

2021) with the consideration of agglomeration effects. Some research-

ers (Yang et al., 2002) highlighted the influences of rotation on the fre-

quencies of FML rotating CNTs reinforced circular cylindrical shells

with agglomerated nanoparticles.

Then, no literatures have been reported on the vibration response

of agglomerated micro cylindrical shells specially CNTs/fiber/poly-

mer/metal laminated (CNTFPML) micro cylindrical shell. It means

the effect of agglomeration in micro phase of CNTFPML for vibra-

tion analysis has not been considered, yet. The vibration analysis of

this material can be applied in aerospace industries because of proper

properties of metal namely impact, damage tolerance and ductility

plus the appropriate characteristics of the composites such as excel-

lent fatigue resistance, stiffness to weight ratios, high strength and

acceptable corrosion. In this investigation, the agglomeration effects

on this micro cylindrical shell are studied on the basis of Love’s first

approximation theory. The structure is including four phases: CNTs,

fiber, polymer matrix and metal layers which are attached together.

The equations of motion for this CNTFPML micro cylindrical shell

are obtained utilizing Hamilton’s principle so that the size effect is

considered in these equations using MCST. In addition, the frequen-

cies of structure are calculated utilizing the beam modal function

model that is semi-analytical model for considering different bound-

ary conditions.
al shell (Mahmood et al., 2021)
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2. Formulation

In this section, the necessary equations related to dynamic
analysis of CNTFPML micro cylindrical shell (Figure 1) with

considering agglomeration relations are derived. As depicted
in Fig. 1, the composite section of cylindrical shell has been
considered cross-ply [Al/0�/90�/0�] so that the metal thickness

is same as each layer of composites.
Also, in the following flowcharts 1, the steps for construct-

ing the whole structure as well as the procedure of finding
Flowchart 1. Steps for Obtaining natural frequencies of Micro agglomerated CNTFPML cylindrical shell.
natural frequencies of the micro agglomerated CNTFPML
structure are shown.

2.1. Modified couple stress theory

Compared to classical CST which is involved only single scale

parameter l, the MCST defines the strain energy utilizing a
function of both strain and curvature tensors which are includ-
ing length scale parameter as well as Lame’s constants

(Hadjesfandiari and Dargush, 2018):

U ¼ 1

2

Z
V

ðmijvij þ rijeijÞdv ði; j ¼ x; h; zÞ ð1Þ

rij ¼ 2leij þ keii ð2Þ

eij ¼ 1

2
ui;j þ uj;i
� � ð3Þ

mij ¼ 2l‘2vij ð4Þ
vij ¼
1

2
rui þ ðruiÞT
� � ¼ 1

2

@ui

@xj

þ @uj

@xi

� �
ð5Þ

Deviatoric part of the symmetric couple stress tensor, strain
tensor, stress tensor, and symmetric curvature tensor are
shown using mij, eij, rij, , and vij, respectively. Also, k and l
are Lame’s constants, and the material length scale parameter
is indicated by l which is estimated by means of experimental
tests (Hadjesfandiari et al., 2016; Mohammad-Abadi and

Daneshmehr, 2015). In addition, u is displacement and / is
the rotation vector relevant to the displacement which is
described as (Lee and Kim, 1998):

ui ¼
1

2
ðcurlðuÞÞi ð6Þ
2.2. Love’s first approximation theory

Due to the underlying hypothesis of Love’s thin shell theory,
the displacement field of micro circular cylindrical shell would
be given as (Ma et al., 2008):

u1ðx; h; z; tÞ ¼ �z
@wðx; h; tÞ

@x
þ uðx; h; tÞ ð7Þ

u2ðx; h; z; tÞ ¼ � z

R

@wðx; h; tÞ
@x

� �
þ vðx; h; tÞ

u3ðx; h; z; tÞ ¼ wðx; h; tÞ
U x:h:tð Þ, V x:h: tð Þ and W x:h: tð Þ are the neutral plane

displacements along through the coordinate directions x,
h and z. Besides, R is the radius of the shell. The nonzero
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strain components for micro shells relevant to displace-
ments can be obtained as (Mohandes et al., 2018):

exx ¼ �z
@2w

@x2
þ @u

@x
(8)

ehh ¼ � z

R2

@2w

@h2
� @v

@h

� �
þ 1

R

@v

@h
þ w

� �

exh ¼ @v

@x
þ 1

R

@u

@h
� 2z

R

@2w

@x@h
� @v

@x

� �

The nonzero components of rotation vector and curvature
tensor related to displacements are given like (Mahmood et al.,

2021):

ux ¼
1

2

@w

@h
þ 1

R

@w

@h

� �
ð9Þ

uh ¼ � @w

@x

uz ¼
1

2
z
@2w

@x@h
þ @v

@x
� @u

@h
� z

R

@2w

@x@h

� �

vxx ¼
1

2

1

R

@2w

@x@h
þ @2w

@x@h

� �
ð10Þ

vhh ¼ � @2w

@x@h

vzz ¼
1

2

@2w

@h@x
� 1

R

@2w

@h@x

� �

vxh ¼
1

2

1

2

@2w

@h2
þ 1

R

@2w

@h2

� �
� @2w

@x2

� �

vxz ¼
1

4

@2v

@x2
� @2u

@x@h
� z

R

@3w

@x2@h
þ z

@3w

@x2@h

� �

vzh ¼
1

4
z

@3w

@x@h2
þ @2v

@x@h
� z

R

@3w

@x@h2
� @2u

@h2

� �
3. Governing equations of motion

Hamilton’s principle is applied to derive the governing equa-
tions of motion with boundary limitations for micro cylindrical

shell as follows (Ma et al., 2008; Reddy, 2017; Beni et al., 2016):Z T

0

dLdt ¼
Z T

0

ðdT� ðdU� dWÞdt ¼ 0 ð11Þ

L represents Lagrangian function. Moreover, dT, dU and

dW express virtual kinetic energy, virtual strain energy and vir-
tual work.

In consideration of Eq. (1), virtual form of strain energy is

calculated as (Mahmood et al., 2021):

dU ¼ R
V
ðrijdeij þmijdvijÞdv

¼ R
V

ðrxxdexx þ rhhdehh þmxxdvxx þmhhdvhh þ 2mxhdvxh
þ2mxzdvxz þ 2mzhdvzhÞdv

ð12Þ
The stress resultants N and M which are forces and
moments (Reddy, 2004):

Nhh;Nxx; Nxhf g ¼
Z h=2

�h=2

rhh; rxx; rxhf gdz ð13Þ

Mhh;Mxx; Mxhf g ¼
Z h=2

�h=2

rhh; rxx; rxhf gzdz

Y and P, which are couple moment and high order resultant

of normal stress, are illustrated (Reddy, 2004):

Yxz; Yzhf g ¼
Z h=2

�h=2

mxz; mzhf gzdz ð14Þ

Pxx; Phh; Pxh; Pxz; Pzhf g ¼
Z h=2

�h=2

mxx; mhh; mxh; mxz; mzhf gdz

The kinetic energy and work done using external loading (in

which q is zero in this study) are obtained as (Shi et al., 2004):

dT ¼
Z L

0

Z
A

q
@ui
@t

d
@ui
@t

� �
dAdx ¼ qA

Z L

0

@u

@t
d

@u

@t

� �
dx

þ qA
Z L

0

@v

@t
d

@v

@t

� �
dxþ qA

Z L

0

@w

@t
d

@w

@t

� �
dx

ð15Þ

dW ¼
Z L

0

qduidx ð16Þ

The stiffness coefficients for micro CNTFPML cylindrical

shells can be described as (Mahmood et al., 2021):

Aij ¼ Qm
ij hm þPN

k¼1Q
k
ijðhk � hk�1Þ (17a)

Bij ¼ 1

2

XN
k¼1

Qk
ijðh2k � h2k�1Þ ð17bÞ

Dij ¼ 1

12
Qm

ij h
3
m þ 1

3

XN
k¼1

Qk
ijðh3k � h3k�1Þ ð17cÞ

Aij, Bij and Dij denote extensional, coupling and bending

stiffnesses. In addition, the distances of the middle surface of

the shell to outer and inner surfaces of the composite kth layer

are shown as hk and hk�1. Here, Qk
ij stand for the coefficients of

transformed reduced stiffness for the kth layer of nanocom-
posites. Then, hm and Qm

ij are the thickness and decreased stiff-

ness of the metal layer, respectively.

Q11 ¼
Ec;L

1� tLtT
Q22 ¼

Ec;T

1� tLtT
Q12 ¼

tTEc;L

1� tLtT
Q66 ¼ Gc

ð18Þ
in which Ec:L, Ec:T and Gc express longitudinal, transverse and
shear modulus of the nanocomposite. In addition, effective
Poisson’s ratios are indicated as tL and tT. The elastic modulus

and Poisson’s ratios of CNTFPML circular cylindrical shell
are described as:

Ec;L ¼ E11;fVf þ Em
11;newVm;new Ec;T ¼ 1

Vf

E22;f
þ Vm;new

Em
22;new

Gc ¼ 1
Vf

Gf
þ Vm;new

Gm
12;new

tL ¼ tfVf þ tm;newVm;new tT ¼ tL � Ec;T

Ec;L

ð19Þ

where subscript f denotes the elastic modulus of fiber phase.
Also, subscript new with superscript m and subscript m: new
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stand for matrix phase reinforced by the CNTs. Moreover, V

specifies the volume fraction.
The equations of motion can be obtained using substitution

Eqs. (12), (15) and (16) into Hamilton’s principle. It is worth

noticing that the equations of motion are obtained based on
stress resultants, while they shall be according to displacements
for better application. So, the stress resultants shall be rewrit-
ten based on changes in the curvature of the middle surface

and middle surface strains at first. Since then, the equations
of motion for micro CNTFPML cylindrical shell shall be cal-
culated based on displacements by introducing the resulted

stress resultants and Eq. (14) into Eq. (20) as given:

A11

@2u

@x2
þ 1

R
A12

@2v

@x@h
þ @w

@x

� �
� B11

@3w

@x3

þ 1

R2
B12 � @3w

@x@h2
þ @2v

@x@h

� �
þ 1

R
A66

@2v

@x@h
þ 1

R2
A66

@2u

@h2

þ 2

R2
B66 � @3w

@x@h2
þ @2v

@x@h

� �

þ 1

4
l‘2h

@4v

@x3@h
� @4u

@x2@h2
þ @4v

@x@h3
� @4u

@h4

� �
� qh u

:: ¼ 0

ð20aÞ

1

R
A12

@2u

@x@h
þ A66

@2v

@x2
þ 1

R
A66

@2u

@x@h
þ 2

R
B66

@2v

@x2
� @3w

@x2@h

� �

þ 1

R3
B22

@2v

@h2
� @3w

@h3

� �
þ 1

R2
A22

@2v

@h2
þ @w

@h

� �

þ 1

R2
B66

@2u

@x@h
� 1

R
B12

@3w

@x2@h
þ 1

R
B66

@2v

@x2

þ 1

R3
B22

@w

@h
þ @2v

@h2

� �
þ 2

R2
D66

@2v

@x2
� @3w

@x2@h

� �

� 1

R2
D12

@3w

@x2@h
þ 1

R2
B12

@2u

@x@h
þ 1

R4
D22

@2v

@h2
� 1

R4
D22

@3w

@h3

� 1

4
l‘2h

@4v

@x4
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4. Agglomeration

The agglomeration of CNTs would influence on the elastic
attributes of CNTRCs that this effect can be focused using a

micromechanical model, which has been presented here. The
agglomeration causes some CNTs are appeared in the cluster
(concentrated region) and the others are distributed within

the matrix (Fig. 2a) (Dabbagh et al., 2020). So, there are some
limited clusters including CNTs which are settled in the whole
matrix as well as distributed CNTs outside the clusters. So,
CNTs’ concentration which creates the degradation of elastic

properties would be different from the other regions.

Thus, the CNTs volume inside Vcluster
r and outside Vm

r the

cluster constitute the total volume of CNTs which is indicated
by Vr (Hedayati and Sobhani Aragh, 2012):

Vr ¼ Vcluster
r þ Vm

r ð21Þ
Also, the total volume of representative volume element

(RVE) V (Hedayati and Sobhani Aragh, 2012):

V ¼ Vr þ Vm ð22Þ
where Vm is the volume of matrix. Two agglomeration param-
eters are introduced to investigate agglomeration effects of
CNTs in the following formulations (Hedayati and Sobhani
Aragh, 2012):

l ¼ Vcluster

V
g ¼ Vcluster

r

Vr

g P 0 ; l 6 1 ð23Þ

where the volume of clusters in the RVE is shown by Vcluster.
Also, l stands for the volume fraction of cluster and g indi-
cates the volume fraction of CNTs into the clusters. When

the volume fraction of cluster is equal to RVE (l ¼ 1), all
CNTs are uniformly scattered in the entire matrix
(Fig. 2b) and there is no cluster in the matrix. However,
the equality of volume of CNTs into the cluster and total

volume of CNTs (g ¼ 1) means fully agglomerated CNTs
(Fig. 2c). It means that there are some clusters in the matrix
so that all CNTs are located inside the clusters. If g > l, the
heterogeneity of CNTs distribution increases through an
enhancement of g.

The MT approach would be applied to predict the effective

elastic attributes of cluster and matrix of nanocomposite.
Therefore, the effective bulk moduli Kin and Kout and the effec-
tive shear moduli Gin and Gout of inclusions and remnant parts
are expressed (Syah et al., 2021):

Kin ¼ dr � 3arKmð Þgfr
3 l� gfr þ gfrarð Þ þ Km ð24aÞ

Kout ¼ fr dr � 3Kmarð Þ 1� gð Þ
3 1� l� fr 1� gð Þ þ arfr 1� gð Þ½ � þ Km ð24bÞ

Gin ¼ gr � 2Gmbrð Þfrg
2 lþ frgbr � frgð Þ þ Gm ð24cÞ

Gout ¼ fr gr � 2Gmbrð Þ 1� gð Þ
2 1� fr 1� gð Þ � lþ fr 1� gð Þbr½ � þ Gm ð24dÞ

in which

ar ¼ 3 Km þ Gmð Þ þ kr � lr
3 kr þ Gmð Þ ð25aÞ



Fig. 2 Agglomeration of CNTs in a cluster model (Syah et al., 2021)
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br ¼
1

5

4Gm þ 2kr þ lr
3 kr þ Gmð Þ þ 4Gm

Gm þ pr
þ 2 Gm 3Km þ Gmð Þ þ Gm 3Km þ 7Gmð Þ½ �

Gm 3Km þ Gmð Þ þmr 3Km þ 7Gmð Þ
� �

ð25bÞ

dr ¼ 1

3
2lr þ nr þ 3Km þ 2Gm � lrð Þ 2kr þ lrð Þ

Gm þ kr

� 	
ð25cÞ

gr ¼
1

5

8prGm

pr þ Gm

þ 2

3
nr � lrð Þ þ 2 2Gm þ lrð Þ kr � lrð Þ

3 Gm þ krð Þ
�

þ 8 3Km þ 4Gmð ÞmrGm

Gm 7mr þ Gmð Þ þ 3Km mr þ Gmð Þ
	

ð25dÞ

in which fr represents the volume fraction of equivalent fiber.
The volume fraction of equivalent fiber can be studied for var-
ious distributions of continuously graded CNT reinforced

composite (CGCNTRC) which are presented in the following
relations (Kamarian et al., 2013). If both inner and outer sur-
faces of nanocomposites are reinforced using mid-plane sym-

metric graded CNTs richly called symmetric CG-CNTRC.
When the former is reinforced by CNTs poorly, while the latter
is reinforced by CNTs richly called asymmetric CG-CNTRC

(Hedayati and Sobhani Aragh, 2012).

Symmetric CGCNTRC : fr ¼ 4
z� h=2j j

h
f�f ð26aÞ
Asymmetric CGCNTRC : fr ¼ 4
z

h
f�f ð26bÞ

where f�f refers to volume fraction of CNTs which is obtained

using mass fraction of CNTs mf as given (Hedayati and

Sobhani Aragh, 2012):

f�f ¼
qr

mf

� qr þ 1

� 	�1

ð27Þ

where qr ¼ qf=qm. Km and Gm are correlated to the bulk and
shear moduli of isotropic matrix within Eq. (25) which can

be calculated as:

Km ¼ Em

3 1� 2tmð Þ ð28aÞ

Gm ¼ Em

2 1þ tmð Þ ð28bÞ

in which Em denote the elastic modulus of matrix and tm indi-
cates the Poisson’s ratio of matrix. Some parameters in Eq.

(25) including kr; lr;mr; nr and pr are Hill’s elastic moduli of
CNTs (Kamarian et al., 2016):



Fig. 3 Conversion strategy (Ghasemi and Mohandes, 2017)
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Cr ¼

nr lr lr 0 0 0

lr kr þmr kr �mr 0 0 0

lr kr �mr kr þmr 0 0 0

0 0 0 pr 0 0

0 0 0 0 mr 0

0 0 0 0 0 pr

2
666666664

3
777777775

ð29aÞ

Cr ¼

1
EL

� tTL
ET

� tZL
EZ

0 0 0

� tLT
EL

1
ET

� tZT
EZ

0 0 0

� tLZ
EL

� tTZ
ET

1
EZ

0 0 0

0 0 0 1
GTZ

0 0

0 0 0 0 1
GZL

0

0 0 0 0 0 1
GLT

2
66666666664

3
77777777775

�1

ð29bÞ

EL;ET;EZ;GTZ;GZL;GLT and tLT represent the modulus

and Poisson’s ratio of equivalent fiber. Via MT procedure,
the equivalent bulk K and shear G modulus of nanocompos-
ites would be computed as (Kamarian et al., 2016):

K ¼ Kout 1þ
l Kin

Kout
� 1


 �
1þ a Kin

Kout
� 1


 �
1� lð Þ

2
4

3
5 ð30aÞ

G ¼ Gout 1þ
l Gin

Gout
� 1


 �
1þ Gin

Gout
� 1


 �
b 1� lð Þ

2
4

3
5 ð30bÞ

tout ¼ 3Kout � 2Gout

2 3Kout þ Goutð Þ ð31aÞ

a ¼ 1þ tout
3 1� toutð Þ ð31bÞ

b ¼ 2 4� 5toutð Þ
15 1� toutð Þ ð31cÞ

Then the effective Young’s modulus E and Poisson’s ration
t of the composite can be defined as given (Tsai et al., 2003):
E ¼ 9KG

3Kþ G
ð32aÞ

t ¼ 3K� 2G

6Kþ 2G
ð32bÞ
5. Mechanical properties of CNTRCs

The mechanical characteristics of straight CNT inserted in

matrix can be predicted using an equivalent solid long fiber
with 2.374 nm diameter bonded to surrounding resin which
is depicted in Fig. 3.

In this manuscript, the extended rule of mixture is utilized
to focus on the influence of the CNTs on the properties of shell
reinforced composites. Longitudinal modulus ELEF, transverse
modulus ETEF, shear modulus GEF Poisson’s ratio tEF, and vol-

ume fraction VEF of equivalent fiber can be obtained utilizing
rule of mixture (ROM) (Shokrieh and Rafiee, 2010):

ELEF ¼ ELC

VEF

� EMVM

VEF

ð33aÞ

ETEF ¼ ETC

VEF

� EMVM

VEF

ð33bÞ

GEF ¼ GC

VEF

� GMVM

VEF

ð33cÞ

tEF ¼ tC
VEF

� tMVM

VEF

ð33dÞ

where ELC, ETC and GC stand for longitudinal, transverse and
shear modulus of the composites, and EM, GM and VM are lon-
gitudinal modulus, shear modulus and volume fraction of the

matrix, respectively. The mechanical characteristics of equiva-
lent long fiber (Ghasemi and Mohandes, 2017) are expressed in
Table 1.

6. Beam modal function model’s solution:

A wide range of solution methods exist including numerical

(Liu et al., 2016; Civalek, 2004; Talebitooti, 2013; Mohandes



Table 1 Equivalent long fiber properties

Mechanical

properties

Equivalent fiber (Ghasemi and Mohandes,

2017)

ELEF 649.12 ðGPaÞ
ETEF 11.27 ðGPaÞ
GEF 5.13 ðGPaÞ
tEF 0.284

qEF 1400 Kg=m3
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and Ghasemi, 2016; Ghasemi and Mohandes, 2016; Tornabene
et al., 2015; Zhong and Yu, 2009; Al-Furjan et al., 2020; Al-

Furjan et al., 2021; Al-Furjan et al., 2020; Al-Furjan et al.,
2020; Al-Furjan et al., 2020), analytical (Bourada et al.,
2020; Zhang et al., 2021; Lam and Loy, 1994; Callahan and

Baruh, 1999), semi-analytical ones which are applied to ana-
lyze the vibration and dynamic of different structures.
Although analytical methods are more accurate than numeri-

cal ones, various boundary conditions can be analyzed using
numerical approaches. In this manuscript, beam modal func-
tion model (Mohammadimehr et al., 2016), that is a semi-
analytical method with great accuracy, is utilized to consider

dynamic of CNTFPML cylindrical shell with various bound-
ary conditions. Thus, the following expression including mode
shapes in the longitudinal UðxÞ, torsional VðxÞ and flexural

WðxÞ directions is assumed (Wang and Lai, 2000):

uðx; h; tÞ ¼ UðxÞ sinðnhÞ sinðxtÞ ð34aÞ

vðx; h; tÞ ¼ VðxÞ cosðnhÞ sinðxtÞ ð35bÞ

wðx; h; tÞ ¼ WðxÞ sinðnhÞ sinðxtÞ ð36cÞ
in which n refers the circumferential wave numbers in the
mode shape and x denotes the natural frequency. The modal

displacements are given as following based on main constants
a, A, B and C (Wang and Lai, 2000; Lam and Loy, 1995):

UðxÞ; VðxÞ; WðxÞf gT ¼ Aeaz=R C; B; 1f gT ð35Þ
It is worth noticing that the exact value of a, which is related

to boundary condition, for cylindrical shells. it should be identi-
fied using the axial modal parameter m for a given circumferen-

tial modal parameter n. The amount of a would be obtained
using the following assumption: the flexural mode shapes of
the cylindrical shell in the axial direction are in the identical form

with the flexural vibration of beam within the same boundary
limitations. Then, the beam modal function has been applied
to the acquire the magnitude of a refered to proper limitations

(Mahmood et al., 2021). For instance, the modal wave number
would be approximately obtained through beam functionmodel
as following (Mahmood et al., 2021):

a ¼ mp
L

m ¼ 1; 2; 3; ::: ð36Þ

Moreover, the a for a cylindrical shell under clamped
boundary conditions would be derived by:

a ¼ mþ 1
2

� �
p

L
m ¼ 1; 2; 3; ::: ð37Þ

Moreover, the a for a cylindrical shell with free-free bound-

ary conditions can be given by:
a ¼ m� 1
2

� �
p

L
m ¼ 2; 3; 4; ::: ð38Þ

Like the Eq. (38), the modes m ¼ 0 and m ¼ 1 are two inex-

tensional modes of circular cylindrical shells so that these two
modes correlated to rigid body translation and rotation modes
for a free-free beam. Therefore, they are trivial modes with

zero frequencies for the beams and they cannot be estimated
for cylindrical shells. So, the non-dimensional form of equa-
tions of motion:

H3�3 C; B; 1f gT ¼ 0; 0; 0f gT ð39Þ

H11 ¼ a2 � a66n
2 þ 1

4A11R
2
l‘2ha2n2 � 1

4A11R
2
l‘2hn4 þ X2

ð40Þ

H12 ¼ �H21 ¼ �a12na� b12
na
R

� a66na

� 2b66
na
R

� 1

4A11R
2
l‘2ha3nþ 1

4A11R
2
l‘2ha3n3

H13 ¼ �H31 ¼ a12a� b11
a3

R
þ b12

n2a
R

� 2b66
n2a
R

H22 ¼ a66a
2 þ 2b66

a2

R
� a22n

2 � 2b22
n2

R
þ b66

a2

R
þ 2d66

a
R


 �2

� d22
n

R


 �2

� 1

4A11R
2
l‘2ha4 þ 1

4A11R
2
l‘2ha2n2 þ X2

H23 ¼ H32

¼ �2b66
a2n
R

þ a22n� b12
a2n
R

þ b22
n3

R
� 2d66

a
R


 �2

nþ b22
n

R

� d12
a
R


 �2

nþ d22
n3

R2

H33 ¼ 2b12
a2

R
� d11

a4

R2
þ 2d12

na
R


 �2

þ d66
2na
R

� �2

� 2b22
n2

R

� d22
n4

R2
� a22 � 1

2A11

l‘2h � 1

2

a2n2

R2
þ 5

2

n4

R2

� �
þ X2

a12 ¼ A12

A11

a22 ¼ A22

A11

a66 ¼ A66

A11

b11 ¼ B11

A11

b12 ¼ B12

A11

b22 ¼ B22

A11

ð41Þ

b66 ¼ B66

A11

d11 ¼ D11

A11

d12 ¼ D12

A11

d22 ¼ D22

A11

d66 ¼ D66

A11

X

¼ x

ffiffiffiffiffiffiffiffiffiffiffi
qhR2

A11

s

7. Numerical results and discussion

The work is focused on an investigation of the agglomeration
effects on free vibration of micro CNTFPML cylindrical shells
in terms of semi-analytical approach. It should be noted that

the composite sector of FML cylindrical shell is reinforced
by agglomerated CNTs so that this section is combined to thin
metal layers. Initially, the non-dimensional frequencies

X ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqR2=EÞ

q
of classical macro CNTFPML cylindrical
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should has been compared to other research study (Syah et al.,
2021) in Table 2. Material characteristics of CNTFPML cylin-
drical shell used in this case is CARALL reinforced by CNTs

for n ¼ 1 and m ¼ 1. The geometric characteristics of cylindri-
cal shell are considered L ¼ 10�R; R ¼ 23:437. It can be
found out that the presented results in this investigation com-

pare excellent with the results of Ghasemi et al. (Syah et al.,
2021). Besides, the non-dimensional frequencies of the pre-
sented study would be compared with the frequency form

X ¼ Rx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� t2Þq=Ep

of the other research which are isotro-

pic macro cylindrical shells with different boundary condi-

tions. That is worth noticing the material properties of
studied isotropic cylindrical shell are t ¼ 0:3 and
E ¼ 200GPa. In addition, the cylindrical shell geometry to

compare with wave propagation method illustrated below via
Table 3, h=R ¼ 0:002 and L=R ¼ 20 and for comparison with
Ritz procedure presented in Table 4 are h=R ¼ 0:01 and

L=R ¼ 20. The outputs illustrate excellent correlation among
the method illustrated in this manuscript and wave propaga-
tion and Ritz procedures.
Table 4 The dimensionless frequencies of an isotropic cy

h=R ¼ 0:01 andL=R ¼ 20Þ.
n Boundary condition

Clamped-clamped Clamped-simply

Present

method

Ref. Zhang

et al., 2001

Difference

(%)

Present

method

Ref. Zha

et al., 20

1 0.03489 0.03488 0.003 0.02472 0.02472

2 0.01406 0.01405 0.071 0.01129 0.01128

3 0.02273 0.02272 0.031 0.02234 0.02233

4 0.04227 0.04227 0.009 0.04217 0.04216

Table 2 The dimensionless frequencies of CNTFPML classical cyli

l Non-dimensional frequency

Ref. (Syah et al., 2021)

g ¼ 0:2 g ¼ 0:3 g ¼ 0:4 g ¼ 0:5

0.1 0.300 0.298 0.295 0.291

0.2 0.306 0.304 0.301 0.298

0.3 0.312 0.310 0.308 0.304

0.4 0.318 0.317 0.314 0.311

0.5 0.324 0.323 0.321 0.319

Table 3 The dimensionless frequencies of an isotropic circula

h=R ¼ 0:002 andL=R ¼ 20Þ.
n Boundary condition

Clamped-clamped

Present method Ref. (Lam and Loy, 1995) Difference (%)

1 0.0349 0.0344 1.376

2 0.0118 0.0120 2.381

3 0.0071 0.0072 1.934
Next, the CNTFPML cylindrical shell with considering
agglomeration impacts is studied with the following
circumstances:

The metal layers are constructed using aluminum and the
composite layers are consisting of carbon/epoxy with cross-

ply lay-ups ½Al=0
�
=90

�
=0

� �. Also, geometric attributes of cylin-

drical shell are considered L ¼ 10�R, l ¼ 0:0937� 10�6,

R ¼ 23:437� 10�6 subjected to simply supported boundary
condition. Moreover, the agglomerated CNTs are distributed
within the resin symmetrically. Further, the mechanical prop-

erties of fiber, metal, CNT and matrix utilized in this manu-
script are presented in Table 5.

In the following expressions, the sensitivity of vibration

response for different items is presented for the agglomerated
micro CNTFPML cylindrical shell which are the agglomera-
tion, the material length scale parameter, the distribution of

CNTs referred to various boundary situation, the dimensions
of cylindrical shell, the material attributes, the mass fraction
of fiber, and the circumferential wave numbers.
lindrical shell for various boundary conditions ðm ¼ 1,

Simply supported

ng

01

Difference

(%)

Present

method

Ref. Zhang

et al., 2001

Difference

(%)

0.0081 0.01610 0.01610 0.012

0.0709 0.00939 0.00938 0.064

0.0179 0.02211 0.02210 0.014

0.0047 0.04210 0.04209 0.002

ndrical shell for differing agglomeration parameters

Present

g ¼ 0:2 g ¼ 0:3 g ¼ 0:4 g ¼ 0:5

0.300 0.298 0.295 0.291

0.306 0.304 0.301 0.298

0.312 0.310 0.308 0.304

0.318 0.317 0.314 0.311

0.324 0.323 0.321 0.319

r cylindrical shell for various boundary conditions ðm ¼ 1,

Simply supported

Present method Ref. (Lam and Loy, 1995) Difference (%)

0.01610 0.01610 0.0006

0.005454 0.005453 0.0135

0.005042 0.005041 0.0194



Table 5 Material attributes of micro CNTFPML cylindrical shell (Yang et al., 2002)

Material attributes

CNT Fiber Matrix Metal (Aluminum)

Carbon Glass

ECN
11 ¼ 5:6466 ðTPaÞ E11f ¼ 230 ðGPaÞ E11f ¼ 35 ðGPaÞ Em

old ¼ 2:5 ðGPaÞ Emetal ¼ 72:4 ðGPaÞ
ECN
22 ¼ 7:080 ðTPaÞ E22f ¼ 8 ðGPaÞ E22f ¼ 5 ðGPaÞ qmold ¼ 1150 Kg=m3

� �
qmetal ¼ 2700 Kg=m3

� �
GCN

12 ¼ 1:9445 ðTPaÞ Gf ¼ 27:3 ðGPaÞ Gf ¼ 7:17ðGPaÞ tmold ¼ 0:34 tmetal ¼ 0:33

qCN ¼ 1400 Kg=m3
� �

qf ¼ 1750 Kg=m3
� �

qf ¼ 2500 Kg=m3
� �

tCN12 ¼ 0:175 tf ¼ 0:256 tÞf ¼ 0:27
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The first investigation deals with the consideration of the
sequel of material length scale parameter on the vibration

response of agglomerated CNTFPML cylindrical shell with
respect to variations of length and radius. As visible in
Fig. 4, increased value of l leads to growing the magnitude

of dimensionless frequencies of micro CNTFPML cylindrical
shell. It shows that the more the material length scale param-
eter impact enhances, the greater the frequencies of shell grow.

Nevertheless, with raising the length-to-radius ratio, the fre-
quencies gradually decline so that they tend to convergence
for long lengths for various l. The reason for convergence of
these curves is the raise of length so that as the length of cylin-

drical shell increases, the effects of material length scale on the
frequencies of agglomerated CNTFPML micro cylindrical
shell decreases.

Fig. 5 plots the seques of agglomeration parameters on the
non-dimensional frequencies of micro CNTFPML cylindrical
shell. All the curves show a mildly increase of dimensionless

frequencies for growing amounts of l with a reducing magni-
tude of g. The figure illustrates that the agglomeration param-
eters have a considerable influence on the micro phase so that
as the volume fraction of cluster grows, the agglomeration

effects decline which lead to rising the frequencies that is pos-
itive. It is worth mentioning that when the volume fraction of
cluster enhances, it causes the value of CNTs agglomeration

decreases which results in more stiffness of the structure and
Fig. 4 The dimensionless frequencies of agglomerated micro CNTF
then growth of frequencies. Nevertheless, through enhancing
the volume fraction of CNTs inside the cluster, which causes

increasing the agglomeration impacts, the frequencies drop
which is negative aspect. The reason for decrease of the fre-
quencies is the fact that the more the CNTs agglomerate inside

a cluster, the more the stiffness of the structure declines
because the homogeneity of the CNTs into the matrix
decreases and CNTs concentrate in a cluster.

Fig.6 illustrates the variation of dimensionless frequencies
with the consideration of material length scale parameter for
various values of agglomeration parameters. As depicted in
the figure, increased values of l and g altogether resulted in

growing the dimensionless frequencies of micro cylindrical
shell. Although, as predicted in the previous figure, with
increasing the values of l and g separately, the frequencies

raise and drop, respectively, the present graph shows that
growing both amounts of l and g together leads to increasing
magnitude of frequency. Therefore, the influence of l on the

frequencies of micro CNTFPML cylindrical shell is more than
g. In addition, increasing value of h=lmeans that the influence
of material length scale parameter drops which leads to
decreasing the rigidity of micro cylindrical shell and finally

declining the values of frequencies.
Fig. 7 shows the sensitivity of the structural frequencies

with thickness-to-radius ratio for various amounts of agglom-

eration parameter l, through keeping constant parameter g.
PML cylindrical shell versus L/R for various magnitudes ofh=l



Fig. 7 The dimensionless frequencies of agglomerated micro CNTFPML cylindrical shell versus h=R for various magnitudes ofl

Fig. 6 Dimensionless frequencies of agglomerated micro CNTFPML cylindrical shell versus h=l for various agglomeration parameters

Fig. 5 The dimensionless frequencies of agglomerated micro CNTFPML cylindrical shell versus l for various magnitudes ofg
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Considering graphs of Fig. 7, the frequencies of micro agglom-
erated CNTFPML cylindrical shell with growing the agglom-
eration attributes increase gradually like l is raised.

Moreover, the graphs vividly indicate a monotone decline of
non-dimensional frequencies when dimensionless magnitude
h=R is increased.

In Fig. 8, the effects of distribution of CNTs and boundary
conditions are shown on the dimensionless frequencies of
micro agglomerated CNTFPML cylindrical shell for differing

magnitudes of dimensionless parameter h=R for the constant
amounts of agglomeration parameters l and g and n ¼ 1
and m ¼ 2. It is worth saying that the structural frequencies
of symmetric distribution of CNTs are greater than asymmet-

ric one since asymmetric distribution yields decreasing the
stiffness of the structure. As the CNTs distributed symmetri-
cally, the homogeneous of the structure maintains, which
Fig. 9 The dimensionless frequencies of agglomerated micro CNTFP

fraction of fiber

Fig. 8 The dimensionless frequencies of agglomerated micro CNTFP

and boundary conditions
causes greater stiffness, that leads to more frequencies. Once
again, the dimensionless frequencies of clamped boundary
condition for both symmetric and asymmetric distributions

are remarkably greater than the other ones related to simply
supported and free-free boundary limitations. It is illustrated
the frequencies of free-free boundary condition are less than

other literatures since there is not any constraint in the bound-
ary limitations. Then, the frequencies slope of micro cylindrical
shell decline moderately for an increased value of h=R.

As clearly shown in Fig. 9, a higher effect of vibration
response can be found in a structure constructed of carbon
fibers in comparison with glass one. Although the dimension-
less frequencies increase gradually for both materials with

growing agglomeration parameter, the slope change of glass-
based composites is a bit more than carbon fiber composite
materials. Specially it could be seen that with growing agglom-
ML cylindrical shell versus l for various fiber materials and mass

ML cylindrical shell versus h=R for various distributions of CNTs
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eration parameter, the curve slope of carbon-based composites
for mf ¼ 0:05 decrease and the frequencies reaches about 0.57
in the l ¼ 0:8. Furthermore, according to the curves, the nat-

ural frequencies for mass fraction of fiber equal to 0.25 assume
a higher value than the ones made of 0.05 mass fraction. Also,
based on the figures, the frequencies variations of mf ¼ 0:25
are significantly greater than mf ¼ 0:05 with respect to a grow-
ing value of l since through enhancing the volume fraction of
fiber, the volume fraction of reinforced matrix reduses then

leads to the stiffness drop of the whole structure.
Possible impacts of agglomeration parameters and circum-

ferential wave number on the dimensionless frequencies of
micro CNTFPML cylindrical shells are represented in

Fig. 10. This plot reveals higher difference of the frequencies
of agglomerated cylindrical shell for greater amounts of n. It
is worth noticing that enhancing the circumferential wave
Fig. 11 The dimensionless frequencies of agglomerated micro CNTF

agglomeration parameter l.

Fig. 10 The dimensionless frequencies of agglomerated micro C

parameters
number results in a reduction of structural frequency initially
and then moderate increase. As predicted, by decreasing the
concentration of CNTs within a cluster, the natural frequen-

cies are increased.
Fig. 11 compares the dimensionless frequencies of micro

agglomerated CNTFPML cylindrical shells vs. volume frac-

tion of CNTs for various values of agglomeration parameter
l with keeping constant parameter g equal to 1. Based on
the figure, the frequency changes are greater for lower values

of ff, even though these variations are more visible with grow-
ing the cluster volume. Also, as the volume fraction of CNTs
enhances, the sensitivity of vibration response raises at first,
and then it reaches almost a stable trend. The least variations

occur in l ¼ 0:2 so that it shows almost a stable trend around
X ¼ 0:485. It has been resulted to the lower the volume frac-
tion of cluster, the less the variations of vibration. This is since
PML cylindrical shell versus volume fraction of CNTs for various

NTFPML cylindrical shell versus n for various agglomeration
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the less cluster could affect less the stiffness of the structure
even if the magnitudes of CNTs would be the same in different
clusters.

8. Conclusion

The presented manuscript has been developed for obtaining the fre-

quencies of micro agglomerated CNTFPML cylindrical shell via

MCST. The equations of motion are obtained through framework of

Love’s first approximation theory and Hamilton’s principle and solved

using the beammodal function model for various boundary conditions.

Moreover, the effective elastic properties of nanocomposites are deter-

mined utilizing MT approach. The findings can be illustrated as:

1. The material length scale parameter influenced significantly on the

natural frequencies of micro CNTFPML cylindrical shell. The

dimensionless frequencies of the micro shell increased via enhanc-

ing the amount of l, while they decreased mildly with raising the

length-to-radius ratio. The frequencies of greater length-to-radius

ratios reached stable values subjected to various material length

scale parameters.

2. The sensitivity of vibration response to agglomeration parameters

was more pronounced so that the dimensionless frequencies of

micro CNTFPML cylindrical shell increased gradually through ris-

ing the volume fraction of cluster. A negative influence of agglom-

eration was growing the volume fraction of CNTs within the

cluster which lead to frequency decline.

3. An increased value of agglomeration parameters together yielded a

growth in the natural frequencies of micro CNTFPML cylindrical

shell. This showed that compared to g, the impacts of l on the

vibration response of micro CNTFPML cylindrical shell was more

effective.

4. Results obtained for symmetric and asymmetric distributions of

CNTs are quite different for keeping values of l and g constant.

Symmetric distribution of CNTs leads to much higher magnitudes

of frequencies in comparison with asymmetric one particularly for

clamped boundary conditions.
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