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Nomenclature

A*,B*  Heat source/sink parameter Greek symbols

Cr Skin friction IT Porosity parameter

D Fractal (constant) index A Stretching/shrinking parameter

fn) Dimensionless stream function A Mixed convection parameter

) Dimensionless velocity p Thermal expansion (K™

Gry Local Grashof number B Hartree pressure gradient parameter

g Acceleration due to gravity (m/s?) 1) Volume fraction of individual nanoparticles
k Thermal conductivity (W/mK) ?, Volume fraction of nanoparticles aggregates
k* Mean absorption coefficient (m™') vr Kinematic viscosity (m?/s)

K,(x)  Permeability of the porous medium (m?) u Dynamic viscosity (kg m~! s™ )

m Angle P Density (kg/m®)

Nu, Nusselt number W Stream function

Pr Prandtl number " Stefan-Boltzmann constant (W. m 2 K%
Q0 * x  Non-uniform heat source/sink term Q Total angle of the wedge

q, Radiative heat flux (W/m?) pC, Heat capacity (J/m’K)

Ry Thermal radiation parameter (€] Intrinsic viscosity constant

Re, Local Reynolds number n Similarity variable

ry Radius of nanoparticles aggregates 0 Dimensionless temperature

rp Radius of individual nanoparticles {i(i=1-5) Constants

S Suction/injection parameter

T Temperature (K) Subscripts

Ty Temperature of the surface (K) f Base fluid

Ty Free stream temperature (K) nf Nanofluid

(u,v) Components of velocity (m/s) p Individual nanoparticle

U, Stretching/shrinking velocity (m/s) a Nanoparticle aggregates

U, Free stream velocity (m/s)

Yy Velocity of mass transfer Superscripts

(x,y)  Cartesian coordinates (m) / Derivative w.r.t 7
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Abstract The properties of nanoparticles in the working fluid are affected by many external factors
and it further influences the effective properties of the resulting nanofluid. To study the heat trans-
ference mechanism in nanofluids, the inclusion of such factors is quite important as it provides the
exact illustration of the mechanism. One such factor is the nanoparticle aggregation effect. Authors
have studied the titania—ethylene glycol nanofluid (7i0,/EG NF) flow over a wedge with nanopar-
ticle aggregation effect. Through this communication, authors have attempted to make a develop-
ment on the Falkner-Skan problem. The flow is developed in the presence of the suction/injection
effects, mixed convection, thermal radiation, porous medium, and non-uniform heat source/sink.
To account for the influence of nanoparticle aggregation, revised forms of the Maxwell and Brugge-
man models and the Krieger-Dougherty model are employed to estimate the effective thermal con-
ductivity and viscosity of TiO,/EG NF, respectively. The aforementioned modified models
developed for TiO,/EG NF gave a soundly close agreement with the experimental data. The gov-
erning equations are numerically solved employing the “bvp4c function in MATLAB”. The effect
of the primary relevant parameters on the velocity, temperature, and heat transmission rate is
depicted graphically. The heat transmission rate at the surface is higher with aggregated nanopar-
ticles in comparison to its absence. The higher NPs volume fraction and the aggregation effect
enhance the effective viscosity, the fluid becomes denser, and as a result, the velocity decreases.
The outcomes of this study will be useful in many fields that utilize applications of flow over wedge

such as in raw oil extraction, storage of nuclear waste, insulating heat exchangers, etc.
© 2023 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open
access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Heating and cooling applications of working fluids are critical in
nuclear and chemical reactors, electronic devices, etc. Effective cooling
procedures are necessary for cooling high-energy structures. The ther-
mal performance of some common coolants (water, oil, ethylene gly-
col, etc.) is not significant and hence they are not able to perform as
an efficient coolant. The last two decades have seen progressive
research on enhancing the thermal efficiency of various fluids. More
than two decades ago, it was discovered that the suspension of
nanoparticles (NPs) in a working fluid contributes to increasing the
thermal performance of the resultant fluid and these resultant fluids
were named nanofluids (NFs) (Choi, 1995). The variation in size (di-
ameter), substance (oxides of metal, nonmetal, metal, etc.), and disper-
sion of NPs, the different features of the NFs may be adjusted (Kumar
et al., 2020; Sumithra and Sivaraj, 2022; Indumathi et al., 2022, and
Ibrahim et al., 2021c). Because of this remarkable property, NFs are
used in both traditional industries and solar technologies (Kumar
et al., 2021; Vijayalakshmi and Sivaraj, 2022; Abdul Hakeem et al.,
2016; Chu et al., 2021a; Madhukesh et al., 2021). Ibrahim et al.
(Ibrahim et al., 2021a) studied the effect of SiO, NPs on the thermal
conductivity of different base fluids. They concluded that for ethylene
glycol and glycerol base fluid, SiO, NPs improve thermal conductivity
by 12% and 6%, respectively.

The NF flows in various contexts are theoretically studied using the
two-phase model (see Buongiorno, 2006) and the single-phase model
(see Tiwari and Das, 2007). The NFs flow in various contexts is inves-
tigated using these models. Numerous authors have investigated differ-
ent NFs flow over various geometries using various combinations of
NPs and base fluid (BF). Santhosh et al. (Santhosh et al., 2023) expli-
cated the thermal efficiency of Cu/water and Al,Oz/water NF flow in a
porous rectangular cavity with heat source/sink and Joule heating.
Ganga et al. (Ganga et al., 2016) investigated the influence of heat
source/sink and radiation on the magnetohydrodynamics flow of a
nanofluid over a vertical plate. Mishra and Kumar (Mishra and
Kumar, 2020) analyzed the flow of Ag/water over a stretching cylinder
with self-heating and velocity slip effects. (Ragupathi et al. (Ragupathi
et al., 2019) expounded on the heat transference mechanism of an NF
flow with Fe304 and Al,O3 NPs with different base fluids past a Riga
plate with a non-uniform heat source/sink. Shafiq et al. (Shafiq et al.,
2020) explicated the thermal performance of three-dimensional NF
flow in a rotating frame with convective heating and thermal slip
effects. Adnan et al. (Adnan et al., 2020) studied the impacts of freez-
ing temperature and the diameter of NPs on the heat transfer rate
(HTR) over a curved Riga surface. Reddy et al. (Reddy et al., 2021)
investigated the water-based NF flow with molybdenum disulfide
and ferro sulfate NPs over a rotating disk with a magnetic field. Thiru-
malaisamy and Ramachandran (Thirumalaisamy and Ramachandran,
2023) analyzed the Fe;O4/water NF and Fe;04-Cu/water hybrid NF
flow in a square porous cavity with heat source/sink effects. Ganesh
Kumar (Ganesh Kumar, 2022) and Gnaneswara Reddy et al.
(Gnaneswara Reddy et al., 2020) expounded on the HTR of the
water-based NF with AA7072-AA7075 alloys NPs over a stretching
sheet and semi-infinite heated plate, respectively. Prakasha et al.
(Prakasha et al., 2023) explicated the applications of non-linear radia-
tion on ethylene glycol-based heat transfer rate of hybrid NF (Gra-
phene, Magnesium oxide) and ternary hybrid NF (Graphene,
Zirconium oxide, Magnesium oxide) over a plate. Nayak et al.
(Nayak et al., 2019) studied the influence of a non-uniform heat
source/sink and the Cattaneo-Christov heat flux model of third-
grade nanofluid over an inclined and stretching Riga plate. Chu
et al. (Chu et al., 2021b) studied the free convective flow of the Cu-
Al,O3/H,O NF in a microchannel. Khan et al. (Khan et al., 2021)
investigated the bioconvection aspects in non-Newtonian nanofluid
over periodically moving surface with chemical reaction and activation
energy effects. Some other remarkable studies regarding the NF flow

and their thermal performance can be referred to from Refs.
(Hakeem et al., 2018; Ibrahim et al., 2021b; Khan et al., 2020;
Puneeth et al., 2022; Thirumalaisamy et al., 2022).

The suspension of NPs in a working fluid is affected by various
physical phenomena. The NPs behavior in the suspension and hence
the properties of NFs are significantly affected by these physical fac-
tors. One such important factor in the suspension is the NPs aggrega-
tion. The resilient covalent and metallic bond between the NPs is the
reason NPs aggregation occurs (Chen et al., 2007, 2020; Motevasel
et al., 2018). The covalent and metallic bonds tend to hold the NPs
together and hence they form the cluster known as NPs aggregates.
As a result, rather than being present as individuals in a BF, NPs
are present in clusters (see Fig. 1). Many studies (Chen et al., 2007,
2020; Motevasel et al., 2018) have experimentally validated the claim
that the NPs aggregation severely affects the thermal performance
and properties of NFs. Motevasel et al. (Motevasel et al., 2018)
expounded on the significance of NPs aggregation effect on thermal
conductivity (TC). They demonstrated that NPs aggregation has a sig-
nificant impact on the physical features, thermal proficiency, rheology,
and heat transference of BFs. They strenuously argued for the inclu-
sion of the NPs aggregation effect even at low concentrations. Chen
et al. (Chen et al., 2020) published a study based on experimental
results to explicate the NPs aggregate influence on the thermal radia-
tive properties of NFs. In their study, they also provided the theoret-
ical models and correlations for the inclusion of NPs aggregation
and validated the theoretical models and correlations with the experi-
mental data. Chen et al. (Chen et al., 2007) published an experimental
study that presents the rheology of ethylene glycol (EG) based NF with
spherical Titania (TiO,) NPs with NPs aggregates. They found from
their experiments that the Maxwell model underrates thermal conduc-
tivity. Furthermore, they suggested that the Maxwell model could be
modified to include the NPs aggregate influence on TC. For the mod-
ification, they suggested that the Bruggeman model can be used to cal-
culate the TC of NPs aggregates and the value be substituted back in
the Maxwell model for predicting the TC of NFs. They also validated
that the shear viscosity of the NFs strongly depends on the NPs aggre-
gates. Their modified models and correlations for TC and shear viscos-
ity of the TiO,/EG NF gave a soundly close precision with the data
obtained through the experiment. In the second half of the last decade,
few authors (Mackolil and Mahanthesh, 2021a, 2021b; Madhukesh
et al., 2022; Mahanthesh and Thriveni, 2021a, 2021b; Rana et al.,
2021; Wang et al., 2022) have studied the NPs aggregation effect on
the NFs flows. Mackolil and Mahanthesh (Mackolil and
Mahanthesh, 2021a, 2021b) studied the boundary layer flow of TiO,/
EG NF in presence of Marangoni convection and NPs aggregation
effects. Rana et al. (Rana et al., 2021) investigated the influence of
NPs aggregates on the HTR of TiO,/EG NF flow over a plate with
considerable buoyancy force. Madhukesh et al. (Madhukesh et al.,
2022) explicated the significance of NPs thermophoretic deposition
on the TiO,/water NF over a rotating sphere with NPs aggregation
effect. Wang et al. (Wang et al., 2022) expounded on the influence of
chemical reactions on the HTR of TiO,/EG NF flow over a rotating
disk. Mahanthesh and Thriveni (Mahanthesh and Thriveni, 2021a,
2021b) studied the HTR of TiO,/EG NF flow over a vertical cylinder
with thermal radiation and the HTR of TiO,/EG NF flow over a cylin-
der with heat generation and NPs aggregation effect, respectively.
Some other remarkable investigations regarding the HTR of NF and
their thermal performance with NPs aggregation effect can be referred
from Refs. (Ali et al., 2022; Yaseen et al., 2022; Yu et al., 2022).

NFs flow towards a wedge is an interesting topic to study due to
the entrancing applications in engineering, such as in geothermal sys-
tems, raw oil extraction, storage of nuclear waste, insulating heat
exchangers, etc. These applications have prompted scholars to investi-
gate the NF flow across a wedge. Falkner and Skan (Falkner and
Skan, 1931) were the first to use a wedge to configure fluid flow. Since
then various researchers (Bano et al., 2020; Ibrahim and Tulu, 2019;
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Kudenatti and L., 2021; Mishra and Kumar, 2021; Raju and Sandeep,
2016; Sandeep and Reddy, 2017) have made many developments on
the flow towards/over a wedge. The focus of the aforementioned stud-
ies was to study the HTR of a viscous or NFs but they have ignored
the kinematics of NPs aggregation effect. Some studies (Ellahi et al.,
2016; Rehman et al., 2022; Yaseen et al., 2022) have been published
to investigate the NFs flow over a wedge with NPs aggregation effect,
but the investigations have been done ignoring the various body and
surface forces. Hence, the influence of NPs aggregation and the rheol-
ogy of NPs aggregation kinematics on NF flow over a wedge needs res-
olute attention. 770, NPs suspended in the base fluid (to increase their
thermal characteristics) is a worthy combination because 7i0, NPs
have a more stable chemical nature compared to their other metallic
state. Furthermore, 7i02 has a relatively cheap manufacturing cost,
and TiO, NPs are manufactured on a big scale in industries. Authors
of the present study have made a development on the Falkner-Skan
problem and studied the NPs aggregation influence on the HTR of
TiO,/EG NF flow over a wedge (refer to Fig. 1). As a novelty, authors
have considered the influence of mixed convection, thermal radiation,
porous medium, and non-uniform heat source/sink together with the
suction/injection effect. The author’s goal with this investigation was
to thoroughly analyze the influence of NPs aggregation. Furthermore,
the following are the primary goals of the current study:

e Development of Falkner-Skan problem with NPs aggregation
effect and important body and surface forces.

o Influence of NPs aggregation on the thermal field.

e Analyzing the HTR of TiO,/EG NF flow with and without NPs
aggregation.

The authors have specifically considered the TiO,/EG NF for this
investigation and modeling of the flow with NPs aggregation effect.
Appropriate models for viscosity and TC were required to include
the NPs aggregation effect and Chen et al. (Chen et al., 2007) have
experimentally studied the values of viscosity and TC for the TiO,/
EG NF with NPs aggregation effect and have also provided the theo-
retical models for the same. Their modified models and correlations for
TC and shear viscosity of the TiO,/EG NF gave a soundly close agree-
ment with the experimental data.

Physical Representation.

2. Mathematical model

Consider the TiO,/EG flow (ethylene glycol-based NF with
Titania NPs) and heat transference towards a wedge in a por-
ous medium with permeability K,(x) = —%; under the influ-
ence of buoyancy force. The surface of the wedge is
coincident with the x-axis and the y-axis is delineated normal
to it (see Fig. 1). The free stream velocity of TiO,/EG NF
flow is U, = u,x™ where u, is constant. In addition, the wedge
is moving with velocity U,, = u,x", where u,, is constant and
the stretching and shrinking wedge are denoted by u, > 0,
and u, < 0; and u,, — 0 for a stationary wedge. Here, m is
the angle and m = /(2 — f,,), where f,, is the Hartree pres-
sure gradient parameter. The total angle of the wedge is Q
and Q = f,n. Moreover, the flow over a wedge is modeled
when m € (0,1). In addition, the flow past a flat surface
along a horizontal axis is denoted by, m =0(i.e. f,, =0),
and m = 1(i.e. f,, = 1) denotes the stagnation point flow past
a vertical flat surface. The HTR is analyzed in presence of
thermal radiation and a non-uniform heat source/sink. The
temperature of the surface is assumed as 7, and the free
stream temperature of TiO,/EG NF flow is considered as
T... The boundary layer flow is subjected to suction/injection
with v, as mass transfer velocity at the surface. Moreover,
the last term in the energy equation (Eqn. (3)) stands for
the non-uniform heat source/sink term (Q x %) and it is
explained later.

The governing equations of the TiO,/EG nanofluid flow
over a wedge are written as follows (see Refs. (Anuar et al.,
2021; Khan et al., 2022; Mishra and Kumar, 2021; Waini
et al., 2020; Yaseen et al., 2022):

Continuity Equation:

Ou Ov

oy (1)
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Momentum Equation:

du u N Hot @ dUC My

“ox oy o T e k™Y
B
+g(’;—”"f<rf T.), o)
nf

Energy Equation:

oT 0T 166" T> \\ O°T
oo ) = (o (5) S rom 0

Boundary Conditions (BCs) (see Refs. Mishra and Kumar,
2021; Yaseen et al., 2022):

u="U, T=Trat y=0
u—-U, T—T, as y— '

V=V,

4)

where v and u represent the components of the velocity of the
nanofluid along the y-axis and x-axis, respectively. 7" denotes
the nanofluid temperature and the mass transfer velocity at

. 1 .
the surface is v, (: —\/%S) (where S is the suc-

tion/injection parameter and v, is the kinematic viscosity). In
addition,u, p, pC, and g denotes the dynamic viscosity, den-
sity, heat capacity, and acceleration due to gravity in which
subscript nf represents ‘“‘nanofluid” and f stands for “base
fluid”. Moreover, “¢* is the Stefan-Boltzmann constant” and
“k* is the mean absorption coefficient”. In addition, the last
term in the energy equation (3) i.e. (Q * %) denotes the signif-
icance of “non-uniform heat source/sink™ and it is demarcated
as follows (Khan et al., 2022):

Qn =" (1, )+ B o), (5)

n,
where the heat source/sink corresponding to exponential space
decay coefficients and corresponding to temperature depen-
dence are signified by 4™ and B*(constants), respectively. The
heat source phenomena are characterized by A* >0 and
B* > 0, whereas the heat sink phenomena are characterized
by A" <0 and B* <0.

2.1. Modeling of nanofluid properties with nanoparticles
aggregation effect

The properties of TiO,/EG NF are modeled credibly by con-
sidering the kinematics of NPs aggregation. Chen et al.
(Chen et al., 2007) in their published study reported the models
to consider for TiO,/EG NF to employ the NPs aggregation
influence. Their theoretical models and correlations were in
brilliant agreement with the experimental findings. The tradi-
tional models of NFs that do not consider the NPs aggregation
influence and the models proposed by Chen et al. (Chen et al.,
2007) are thoroughly summarized and compared in Table 1.

2.1.1. Volume fraction of TiO, nanoparticles aggregates

The aggregates of NPs are not uniform throughout the aggre-
gate structure, it is anticipated that the density varies with the
radial position according to the power law. The volume frac-
tion of NPs aggregates ¢, is determined by the following rela-
tion (Chen et al., 2007):

Py = w(:—:)w, (6)

where D is the fractal (constant) index, ¢ is the volume fraction
of individual NPs, r, is the radius of NPs aggregates, and r), is
the radius of individual NPs. Furthermore, the appropriate
values for TiO,/EG NF of the fractal (constant) index (D)
and the radius of NPs aggregates (r,) as reported by Chen
et al. (Chen et al., 2007) are D = 1.8 and r, = 3.34r,.

2.1.2. Viscosity of TiO,/EG nanofluid with nanoparticles
aggregates

The effective viscosity of TiO,/EG with NPs aggregates is
given by revising the Krieger-Dougherty model and the
revised model gives the precise estimation of TiO,/EG NF
viscosity. The revised model for viscosity is as follows
(Chen et al., 2007):

. =& ¢m
- (-(2)
ﬂ_/' (™

where [£] is the intrinsic viscosity and its value is [¢] = 2.5 and
@,, = 0.605 for high rate flows.

2.1.3. Thermal conductivity of TiO,/EG nanofluid with
nanoparticles aggregates

The thermal conductivity for various NFs or homogeneous
mixtures is most of the time estimated by the traditional Max-
well equation as follows:

k_ﬂf _ (kp + 2k/) — Z(P(kf — kl’) (8)
ki | (ky+2k) + o (ks — k) |

where k,; k,, and kyare the TC of NF, NPs, and base fluid.
However, the aforementioned Maxwell model does not
account for the NPs aggregation influence on the thermal con-
ductivity. Chen et al. (Chen et al., 2007) in their study have
suggested that the modification of the Maxwell model with
the Bruggeman model produces a revised model that accounts
for NPs aggregation effect. The Bruggeman model is utilized
to estimate the TC of NPs aggregates. The revised form of
the Maxwell model (which accounts for the thermal conductiv-
ity in presence of NPs aggregates) is as follows (Chen et al.,
2007):

kn./' _

ky

(ka +2ks) =29, (k; — ko)
(ko + 2ks) + @, (kr — ka)

©)

where “k,, k,, and k;” are the TC of TiO,/EG NF, aggregates
of TiO, NPs, and ethylene glycol (base fluid). Furthermore, the
TC of NPs aggregates is given by the Bruggeman model as fol-
lows (Chen et al., 2007):

k, 1 k,
e=3{ee-nErea-m -1

((3‘/’i - 1)%—!— 3(l —¢;) — 1)> —0—8&

- ky

; (10)

where ¢, the solid volume fraction of NPs aggregates and
D-3
o= () D= 18andr, =334,

Other models used in this study are summarized in Table |
(see (Mackolil and Mahanthesh, 2021a)). The physical proper-
ties of Ti0, NPs and ethylene glycol are summarized in Table 2
(see (Madhukesh et al., 2022; Yaseen et al., 2022)).
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Table 1 Correlations for thermophysical properties of nanofluid (Mackolil and Mahanthesh, 2021a, 2021b).

Properties Without aggregation With aggregation

Dynamic viscosity ";’f = W e <1 A ~[&len
nf = Ky P (rp) )

Density P = (1= @)pr+ @py Pup = Pr(1 = @) + Pups

Thermal conductivity ke __ kot 2k —20(ky—ky ) (ka+2ks) =20, (ky—ka)

ke ™ Ky 2k (k—ky )

kg = Ky (kat2k) 40 (kr—k2)

Thermal expansion coefficient (pB)uy = @(pB); + (1 = @) (ph)s 0By = PalpB)s + (1 = 0,)(pB);
Heat capacitance (pCp),y= 1 =) (pCp), + @ (pCy), (PCp) = (PCp) (1 = @4) + 0u(pCy),
Table 2 Thermophysical properties (Madhukesh et al., 2022; Yaseen et al., 2022).

p(Kg/m?) C(J/KgK) k(W/mK) B x1073(1/K) I
Ethylene glycol 1114 2415 0.252 57
TiO, 4250 686.2 8.9538 1.05 0.0157

2.2. Similarity transformations

The following similarity variables are applied to the system of

Eqns. (1)-(3), and BCs (4) (see Refs. (Anuar et al., 2021;
Yaseen et al., 2022)):
_ ((m+ 1)U, 2vxU,
n= <72fo V. Y= mED) f(n%
T-T.
=__ ~® 11
o) =7 (1)

Here, y is the stream function and 5 is similarity variable, 0
is the dimensionless temperature and f is the dimensionless
stream function, u = 9y /dy and v = —0y/Ox for this study.
After computations, the Eqns. (1)—(3), and BCs (4) are trans-
formed as:

Reduced momentum Equation:

1 2m {, ( ) ) ISP
+— + AH + =
S 2 (1= 2
211
-——(-1)=0 12
V=0 (12
Reduced energy Equation:
1 o i ' 2 cSCZ * N *
prg, s TR AT <m + 1) £t pr e + B
=0, (13)

Reduced BCs:
A0) =S, f(0)=4, 0(0)=1 }

0(71)_’07 /(”)_’1, as n — oo (]4)

The dimensionless parameters in aforementioned Eqns.
(12)—(14) are as follows:

R R

C _ ky
5= 7, are con-
s’ ky

stants, A =9 is where

X

_ 3
Gr, = b7y va%)-‘

mixed convection parameter,

U, x
vy

is the local Grashof number and Re, =

is the local Reynolds number. Furthermore, IT = K‘—L’l symbol-

izes the porosity parameter, R, = w* represents the thermal
vr

radiation parameter, Pr = P represents the Prandtl number,
A = represents the stretching/shrinking parameter (of the
wedge), S denotes the suction/injection parameter, 4* and B*
are heat source/sink parameter.

To have the similarity solution of the Eqns. (12)—(13) with
the BCs (Eqn. (14)), the term of x must vanish from these
equations. It is noticed that the mixed convection parameter
A= G" appearmg in the Eqn. (9) when computed in the simpli-
on

fied form will be written as A =

Further simplification will

% There-
fore, a similar solution will exist only when m :% because
the term x will vanish. For a similar solution to exist and
for computations of results of this study, the value of param-

eter m is strictly restricted m = %

lead to the value of the parameter as A =

3. Engineering parameter

The physical quantity of significance in this study is the skin
friction Cyand Nusselt number Nu, (Yaseen et al., 2022):

v x(q + q')
Cr= and Nu, = ————"— (15)
Top U ki(Tr— Tw)
where,
u
Ty = [, (—) and
f 0} o
oT 46 OT*
2 - nf o, * o 16
9y + 4, ( TR 0y) (16)

Using Eqns. (11) and (16), the skin friction and Nusselt
number in equation (15) is written as:

7= (Rey)' ¢ =

Wil = T = (i R[5 00), (1)

mTHf'(O) and
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4. Methodology of numerical approach

This section focuses on the methodology used for deducing
solutions as well as code validation. The equations are at first
modeled as PDEs and later, altered into ODEs via similarity
variables. The solution of the Eqns. (12)-(13) along with
BCs (14) is deduced with the “bvp4c function” (a built-in pack-
age in MATLAB), the more specific details of the bvp4c func-
tion can be referred from the Shampine et al. (Shampine et al.,
2003). The “bvpdc function” uses a finite difference scheme
together with a precision of fourth order with the help of the
“3-stage Lobatto IITA formula” (Khan et al., 2020). The
appropriate thickness of the boundary layer, point depicting
the far field 5, and initial guess must be selected relying on
the parameters applied, to obtain accurate solutions. To
deduce the solution of the model, the ODEs obtained after
similarity transformation are reduced into first-order ODEs
by the following substitution (Yaseen et al., 2022):

=5 =/, V3 :4/1’/7)’4:0‘”“1)’5:0/~ (18)

Utilizing the new variables, the Eqns. (12)—(13) are reduced
to first-order ODEs and the following MATLAB syntax is
used:

Start

wi\ *ﬁ {y1Y3 +% (1 *}’%) +%A)’4} + (1(3,,2,721()’2 —1);
Y, - P/‘C4y])=5+(ﬁ)%[A;c "+b‘;’,0] . ?
- ({s+Rq) ’
(19)

The following MATLAB syntax is used for BCs at the sur-
face and far-field:

¥o(2) =2, yo(1) =S, yo(4) =1 }
yinf(z) e la yinl‘(4) - 0 as n— oo .

(20)

Then, the numerical solutions are obtained by coding Eqns.
(18)—(20) into the bvp4c solver. The output of bvp4c is a struc-
ture called “‘sol”. The syntax of the solver is given by
“sol = bvpdc (@OdeBVP, @OdeBC, solinit, options)” which
consists of several functions (Yaseen et al., 2022). The
“@OdeBVP” function is where the Eqns. (18)—(19) are coded.
The “@OdeBC” function is employed to code the BCs (20).
The ““solinit” function is used to code the initial mesh points
and the initial solution approximation at the mesh points
(Khan et al., 2020). Meanwhile, the “options” function is an
optional argument for integration. The solver will then run
and the outcomes will be printed out as numerical solutions
and graphs. Furthermore, the values of missing conditions
are guessed to initiate the process of finding the solution and

|

Define Mesh and Initial Vector as:
To introduce the function 'solinit' using 'bvpinit' as:
solinit bvpinit (Xpesh, Yind);

L

|

Defining function "byp4ode" and "byp4bc
dxdy = bvp4ode (n,y)
dxdy = byp4bc (n.y)

"

Use the following command to integrate
the governing problem:
sol = bvp4c(@bvp4ode, @bvp4bc, solinit);

YES

sol.x = xspl; (Mesh by bvp4c)
sol.y = ysol; (Approximate solution by bvp4c)
plot(xsol, ysol(2,:)) (this will plot f' against y)

Fig. 2

Flow chart.
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Table 3 Values of /(0) when
p=A=S=R;=A"= B =11 =A =0 for various m.
m  Yacob et al. (Yacob Anuar et al. (Anuar Present

et al., 2011) et al., 2021) Results
0 0.4696 0.4696 0.46960055
1/ 0.655 0.655 0.65499374
11
1/ 0.8021 0.8021 0.80212722
5
1/ 0.9277 0.9277 0.92768008
3
1/ 1.0389 1.0389 1.03890348
2
1 1.2326 1.2326 1.23258766

other parameters present in the Eqns. (19) and (20) are set to
find the desired solution. The process of iteration is repeated
and the solution is accepted only when the conditions in
Eqn. (20) are satisfied asymptotically. The process of finding
the solution is shown via a flow chart in Fig. 2. To validate
the model and the code used to find the numerical solution,
an assessment in Table 3 is outlined with the published compu-
tations of Yacob et al. (Yacob et al., 2011) and Anuar et al.
(Anuar et al., 2021) as a limiting case to validate the numerical
code utilized to solve the current model. The comparative
results are quite consistent, ensuring that the current conclu-
sions are valid.

5. Results and discussion

This communication explores the impact of NPs aggregation
on the flow of TiO,/EG NF over a wedge. This section of
the paper deals with the results and their analysis. The results
are depicted graphically and through tabular values for 7i0,/
EG NF over the wedge for two cases: with and without NPs
aggregation. The discussion is focused on the velocity f'(i7),
temperature 0(n), skin friction, and Nusselt number of TiO,/
EG NF on the surface of the wedge. In the figures, the dotted
lines depict the solution for Ti0,/EG NF without aggregation
and solid lines depict the solution for TiO,/EG NF flow with
aggregation. During the derivation of the solution, authors
have used the following general values of the parameters (pre-
sent in Eqns. (19) and (20)) during the numerical computa-
tions:m = 0.5,Pr = 150.4583,4* = B* = 0.5,IT = 0.5,-
i=-05A=05R,=2and S=-0.2.

5.1. Discussion of velocity profiles

Figs. 3-7 visualize the impact of emerging parameters on the
velocity profile //(n). Fig. 3 displays the velocity /() for dif-
ferent estimates of mixed convection parameter A. The nega-
tive values (A < 0) and positive values (A > 0) of the mixed
convection parameter A denote the case of opposing flow
and assisting flow, respectively. Fig. 3 demonstrates that
TiO,/EG NF velocity f'(n) increases with an increment in
parameter A. The findings indicate that the velocity f"() of
the TiO,/EG NF rises for assisting flow and the magnitude
of resistive forces escalates for opposing flow, hence the veloc-

——— With aggregation
= = = = Without aggregation

0.5
=
>~
~
A=-1,0.5,0,0.5,1
0 1
_05 L 1 1
0 1 2 3 4
n
Fig. 3  Effect of A on f'(i).
1 ——
—— With aggregation
= = = = Without aggregation
0.5 1
=
\¥
S~
I1=0.5,1.5,2.5,3.5
0
_0'5 1 1
0 1 2 3 4
Yl
Fig. 4  Effect of IT on /().
l—m— ——— -
—— With aggregation
= = = = Without aggregation
0.5+ 1
=
>~
S~

§=-0.2,-0.1,0,0.1,0.2

U
Fig. 5 Effect of S on /().
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7 S ——— With aggregation
= = = = Without aggregation
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n
Fig. 6  Effect of 1 on /().

—— With aggregation
= = = = Without aggregation
0.5F 1
S
S
e
of / ]
/ ¢ =0.04,0.06,0.08
/
/
/
/
/I
Y/
_0.5 1 1 L
0 1 2 3 4

n

Fig. 7 Effect of ¢ on f'(y).

ity /() is low for the negative value of the parameter A. The
convection phenomenon is the mechanism of transportation of
heat. This phenomenon causes motion because of variation in
fluid density, which occurs due to temperature gradients. An
increment in the parameter A correlates to the increased buoy-
ancy forces and indicates a favorable pressure gradient sce-
nario throughout the flow, increasing the velocity profiles.
Fig. 4 displays the velocity f”(n) for deviation in the porosity
parameter I1. The findings indicate that the velocity f”(1) rises
with an increment in the parameter I1. The increase in velocity
is due to less resistance experienced by the 7i0,/EG NF during
its movement in the boundary layer region. The increasing
porosity parameter corresponds to a fall in the magnitude of
surface resistive forces, and consequently, the velocity rises.
Fig. 5 displays the velocity f”(n) for diverse estimates of suc-
tion/injection parameter S. The negative (S < 0) and positive
(S > 0) values of parameter S symbolize the injection and suc-
tion, respectively. Furthermore S =0 symbolizes the non-
existence of both. The graph demonstrates that the velocity
of TiO,/EG NF increases when parameter S is increased.

0.5

-0.5

Fig. 8

3D visualization of influence of IT and 4 on f”/(#).

The findings indicate that applying suction at the surface aids
the velocity of the TiO,/EG NF. The application of suction
involves the removal of the layers with zero velocity. The
removal of such layers reduces the friction provided to layers
in motion. Consequently, the velocity rises. It confirms that
the application of suction in the present model helps delay
the boundary layer separation.

Fig. 6 displays the velocity f’() with deviation in the
stretching/shrinking parameter (of wedge)ld. The negative
(4 < 0) and positive values (1 > 0) of A symbolize the shrink-
ing and stretching of the wedge, respectively. In addition,A = 0
symbolizes the static wedge. The findings indicate that the
velocity f'(n7) of TiO,/EG NF is aided by the increase in the
magnitude of stretching of the wedge and the flow is resisted
by the increase in the shrinking of the wedge. Fig. 7 displays
the velocity f'(n) for w.r.t volume fraction ¢ of TiO, NPs in
EG, which is the BF. Adding more 7iO, NPs to the base fluid
increases the effective viscosity of 770,/ EG NF. That being the
case, the effective fluid is now denser and it restricts the move-
ment of NF. Hence, the velocity f'(n) of TiO,/EG NF
decreases. Fig. 8 displays the 3-D visualization of velocity pro-
file with NPs aggregation with variation in parameter IT and /.
The trends in Fig. 8 are the same as seen in Figs. 4 and 6. Fur-
thermore, for opposing flow (A < 0)(see Fig. 3), the velocity
f'(n) of TiO,/EG NF with NPs aggregation is higher whereas,
for assisting flow (A > 0) the velocity f'(n) of TiO,/EG NF
without NPs aggregation is higher. For assisting flow, it is
clear that the velocity boundary layer pattern and boundary
layer thickness becomes denser and thinner in the presence
of the nanoparticle aggregation effect. This is due to an
increase in the effective viscosity caused by aggregate forma-
tion. Hence for assisting flow, the velocity decreases with the
formation of NPs aggregates.

5.2. Discussion of temperature profiles

Fig. 9 displays the temperature 0(5) for variation in the mixed
convection parameter A. The findings indicate that the temper-
ature 0(n) of TiO,/EG NF drops with an increment in the
parameter A. The findings indicate that the temperature of
the TiO,/EG NF flow is aided by the opposing flow. The mag-
nitude of resistive forces increases in case of opposing flow,
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Fig. 9  Effect of A on 0(1).
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Fig. 10  Effect of 4* and B* on 0(y).

hence the friction force increases, and the loss of energy
increases due to friction. Thus the temperature 0(n) rises.
Fig. 10 displays the temperature 0(x) for variation in heat
source parameters (4", B* > 0). The findings indicate that
the thermal profile rises upon increasing the values of heat
source parameters B* and A". The heat source case denotes
the generation of heat and hence it leads to a rise in tempera-
ture 0(n). It is inferred that for higher heat source parameters,
the thermal profile near the surface is higher than that at the
surface; and this phenomenon is observed only for heat source
parameters. Fig. 11 displays the temperature profile 0(n) for
variation in the porosity parameter I1. The higher estimates
of the porosity parameter II lead to a reduction in the magni-
tude of resistive forces, which further reduces the loss of
energy, and hence the temperature 0(5) falls.

Fig. 12 displays the temperature 6(y) for changes in the
radiation parameter R,;. The findings indicate that the temper-
ature display transitioning behavior with radiation parameter
R,. Near the surface, the temperature falls for higher estimates

With aggregation
- = = = Without aggregation

0.8
—_
X
= J
s 06 I1=0.5,1.5,2.5,3.5
04r 1
021 J
O = -
0 1 2 3 4
n
Fig. 11  Effect of IT on 0(y).
1.2 : ; .
With aggregation
= = = = Without aggregation
l -
0.8 R, =2,6,10,14 |
=
X 06 1
0.4
0.2
0
0 1 2 3 4
n
Fig. 12 Effect of R, on ().

of parameter R, but after a reflection point, it rises for larger
values of radiation parameter R; The higher values of the
radiation parameter correspond to a higher amount of heat
released in the medium. The energy released in the system with
a rise in the radiation parameter is absorbed by the particles.
Hence, the temperature of the nanofluid increases. The rising
temperature 0(n) is accredited to the increased amount of radi-
ation in the flow region. Fig. 13 displays the temperature pro-
file 0(n) for variation in the stretching/shrinking parameter (of
wedge)/. The results demonstrate that temperature 0(y) falls
with an increment in parameter 4. The findings indicate that
the thermal profile is aided by the increase in the shrinking.
The reason for this outcome is the resistance provided by the
shrinking of the wedge to the flow. Fig. 14 displays the temper-
ature profile 6(n) for changes in the volume fraction ¢ of 7iO,
NPs in EG, which is the BF. Adding more 7iO, NPs in the BF
increases the effective TC of the TiO,/EG NF. That being the
case, the operating fluid becomes highly conductive and the
temperature of 7iO,/EG NF is enhanced. Furthermore, for



Insight into the significance of nanoparticle aggregation

11

1.2

1.2

——— With aggregation
= = = = Without aggregation

A=-0.5,-0.3,-0.1,0.1, 0.3, 0.5

n Fig. 15

Fig. 13 Effect of 1 on 0(y).

——— With aggregation
- = = = Without aggregation
¢ =0.04,0.06,0.08
U
4 Fig. 16

Fig. 14  Effect of ¢ on 0(n).

3D visualization of influence of IT and 4 on 0(y).

0.8

0.6

04

3D visualization of influence of 4* &B* and A on 0(n).

A=-0.5

12
1
0.8
1 0.6

04
02
0

1 15 2

Ul

1
0.9 ’

0.8
0.7
0.6
®0i5
0.4
0.3
0.2
0.1

0
0 0.5

Fig. 17  Streamlines.



12

S. Kumar Rawat et al.

Table 4 Numerical values of the skin friction and Nusselt number.

With aggregation Without aggregation

R, A*, B* II A A @ C* Nu, Cp* Nu,
2 0.5 0.5 —-0.5 —-0.5 0.04 2.0269458 —0.05595535 1.31005339 —0.05851778
6 2.03075675 —0.08674277 1.31442874 —0.09873223
10 2.03478659 0.11739075 1.31915591 0.07715161
2 2.5 2.0204786 —0.28150822 1.30181487 —0.29443944
4.5 2.01349328 —0.50979444 1.29280331 —0.53333156
0.5 1.5 3.13255333 —0.05580724 2.06601183 —0.05864476
2.5 3.95035702 —0.05227681 2.62025833 —0.05574282
0.5 0 2.19631079 —0.05606718 1.50406111 —0.05872106
1 2.50606328 —0.05617506 1.84048704 —0.05876718
—0.5 0 1.57641145 0.02554052 1.04198727 0.01584842
0.5 0.87447484 1.12159882 0.57952216 1.07844696
—-0.5 0.06 2.81265879 —0.05178458 1.39485217 —0.06251167
0.08 4.2030547 —0.04281347 1.48466707 —0.06651996

opposing flow (A < 0) (see Fig. 9), the temperature 0(n) of
TiO,/EG NF without NPs aggregation is higher whereas, for
assisting flow (A > 0) the temperature 6(y) of TiO,/EG NF
with NPs aggregation is higher. For opposing flow, the resis-
tive force dominates and it reduces the interaction of the
nanoparticle aggregates in the nanofluid and consequently, it
acts to reduce the thermal conductivity of nanoparticles. Thus,
with opposing flow the formation of nanoparticle aggregates
reduces the thermal conductivity of the nanofluid, and hence
the temperature of the nanofluid decreases. Figs. 15 and 16 dis-
play the 3-D visualization of the thermal profile with NPs
aggregation for different values of the parameter IT and /;
and A%, B* and . The trends in Figs. 15 and 16 are the same
as seen in Figs. 9, 10, and 12.

5.3. Discussion of streamlines and Nusselt number

Fig. 17 visualizes the effect of the shrinking wedge (2 = —0.5),
static wedge (4 =0), and stretching wedge (1=0.5) on
streamlines of 7iO,/EG NF flow with NPs aggregation. The
streamlines represent the path followed by particles and their
movement along the stream. The streamline provides the
velocity direction at any point with the help of tangent. The
streamlines depict that the movement of the 7i0,/EG NF is
restricted by the shrinking, whereas the stretching of the wedge
aids the movement of the flow. Table 4 and Figs. 18-20 visual-
ize the effect of emerging parameters (porosity parameter IT,
mixed convection parameter A, stretching/shrinking parameter
A, volume fraction ¢, heat source parameters 4, B*, and radi-
ation parameter R;) on the skin friction and Nusselt number.
The Nusselt number signifies the heat transmission rate on the
surface of the wedge. The findings indicate that the increasing
values of the mixed convection parameter A, porosity param-
eter I1, and radiation parameter R; act to enhance the heat
transmission rate at the surface of the wedge. Furthermore,
the increasing values of the stretching/shrinking parameter 4
and heat source parameters 4, B* act to reduce the heat trans-
mission rate. From Fig. 20, it is clear that the Nusselt number
values are higher when NPs aggregation is taken into account.
The reason for this outcome is that the thermal conductivity of
aggregated NPs is greater than that of independent NPs.
Hence, the heat transmission rate is higher for 7i0,/EG NF

Fig. 18

Fig. 19

1-0.5

6 2
3D visualization of influence of A* &B* and R, on Nu.

A=-05 Nu,

0.8

0.6

104

3D visualization of influence of A and R; on Nu.
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flow with aggregated NPs. It is observed that the increasing
values of the radiation parameter R, porosity parameter IT,
mixed convection parameter A, and volume fraction ¢ act to
enhance the skin friction at the surface of the wedge. In addi-
tion, the increasing values of the heat source parameters A", B*
and stretching/shrinking parameter 4 act to reduce the skin
friction at the surface of the wedge. It is seen that skin friction
values are higher when NPs aggregation is taken into account.
This is due to an increase in the effective viscosity caused by
aggregate formation. Hence the skin friction at the surface
rises with NPs aggregation effect.

6. Conclusions

This communication presents a development on the Falkner—Skan
problem for a wedge with the influence of NPs aggregation in the pres-
ence of the non-uniform heat source/sink, porous medium, mixed con-
vection, radiation, and suction/ injection effects. This model was
developed using the combination of modified Maxwell and Bruggeman
models for the inclusion of NPs aggregation influence in the flow of
TiO,/EG NF, which are already tested experimentally and predict true
values for properties of 7iO,/EG NF. The mathematical model is
solved via the “bvp4c function which is accessible by MATLAB soft-
ware”. The outcomes of this study will be useful in many fields that uti-
lize applications of flow over wedge such as in raw oil extraction,
storage of nuclear waste, insulating heat exchangers, etc. The impor-
tant results of this investigation are:

e The velocity of the TiO,/EG nanofluid increases due to the stretch-
ing of the wedge and assisting flow.

e The temperature of the 7iO,/EG nanofluid increases due to the
shrinking of the wedge and opposing flow.

e For assisting flow, the velocity is lower for nanofluid with nanopar-
ticle aggregation due to an increase in the effective viscosity.

e For opposing flow, the formation of nanoparticle aggregates
reduces the thermal conductivity of the nanofluid, and hence the
temperature of the nanofluid decreases.

e Thermal profile rises due to increment in the heat source
parameters.

e The Nusselt number and skin friction values are higher when NPs
aggregation is taken into account.

e The Nusselt number is directly proportional to radiation and
porosity parameters.
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