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Abstract The current study presents an analysis of an inclined magnetized unsteady Cross fluid

flowing over a coated disk with buoyancy effects and energy loss. The flow is modeled using the

Navier-Stokes equations, including buoyancy, magnetic field, and energy loss effects based on

the coated disk. The governing equations are solved numerically by applying the process of bvp4c

to analyze the effects of inclination angle, magnetic field strength, and coating thickness using the

flow characteristics. The results indicate that the buoyancy effects have a significant impact on the

flow along with the results of flow velocity increment along with static pressure decrement. The

magnetic field also has significant effects on the flow, which shows the decreasing velocity by

increasing the magnetic field. Additionally, the coating thickness has significant effects on energy

loss that decrease by increasing the coating thickness. The purpose of this work is to provide the
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valuable insight using the buoyancy, magnetic field, and coating thickness effects on the flow char-

acteristics and energy loss based on the inclined magnetic unsteady cross flow passing over a coated

disk.

� 2023 The Authors. Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The magnetic influences present the moving electric charges, magnetic

materials, and electric currents. A force perpendicular to the magnetic

field and its own velocity always acting as a moving charge in the pro-

cess of magnetic field, especially in the electromechanics, electrical and

engineering magnetic fields that are utilized in all areas of technology.

Rotating magnetic field is used in the process of electric motors and

power generators. Acharya (Acharya, 2021) examined the effects of

nanoparticle on the ferrofluid fluid flow past over a slick rotating disc

with oscillating magnetic field. Shailendra (Dandapat and Singh, 2015)

investigated two-layer film flow over a non-uniformly spinning disc

with attached magnetic field. Hu et al. (Hu et al., 2020) examined

the velocity of a disk-shaped micromotor that is influenced by the

chemical reaction dependence, magnetic field effects, and surfactant

effects. Ray and Dandapat (Ray and Dandapat, 1994) worked on a

thin conductive liquid coating associating constant magnetic field.

Few multiple studies related to magnetic field attached with several

facts, like magnetic forces in the ionized plasma, drug delivery of nano-

liposomes and microbubbles with magnetic nanoparticles, and incom-

pressible viscous fluid flow and heat transfer (Dickey et al., 2022;

Alishiri et al., 2021; Shuaib et al., 2020).

There are primarily two types of slips in the fluid dynamics, veloc-

ity, and the temperature slip. Slip velocity shows the difference between

the conveying fluid velocity that is used to convey the particles. The

concepts of velocity slip have various applications in the aerodynamic

heating, polymer processing, hot rolling, paper production, petroleum

industry and coating. Naveed et al. (Naveed Khan et al., 2022) con-

ducted the numerical investigations of the hybrid nanofluid that con-

tains a gyrotactic microbe and numerous slip circumstances. Sadiq

et al. (Sadiq et al., 2022) determined the slip-flow conditions passing

on the disk spiraling with simultaneous radial rotation/stretching of

bulk Jeffrey fluid. Khan et al. (Khan et al., 2022) studied the temper-

ature and velocity slip conditions, which are attached by using the

mathematical model of Maxwell hybrid nanofluid. Many scholars

(Li et al., 2021; Khan et al., 2021; Alreshidi et al., 2020) presented

the comprehensive studies related to the velocity slip with hybrid

Darcy-Forchheimer nano liquid, heat transfer in tangent hyperbolic

fluid and magnetohydrodynamics (MHD) nanofluid flow through a

porous rotating disc.

The mechanisms of force and natural convection work together

with the heat transfer in the fluid, which is known as mixed convection.

Alternatively, the flow, temperature, geometry, and direction play a

significant role of convection contributes using the heat transfer. In

very high-power devices, the forced convection is insufficient to com-

plete the heat dissipation along with the combination of natural and

forced convection. Few more investigations related to the mixed con-

vection in the nanofluid are presented in (Kumar et al., 2022). Mixed

convection analysis along with the non-uniform heat sink/source is dis-

cussed by Irfan et. al (Irfan et al., 2022). Gautam et. al (Gautam et al.,

2020) performed the analysis related to the flow of MHD boundary

using the non-Newtonian fluid with Soret/Dufour effects. Further-

more, the mixed convective three-dimensional (3D) nano-liquid flow

using different facts are presented in these references (Alghamdi,

2020; Awan et al., 2022).

Cross fluid is a significant subclass of generalized Newtonian fluids.

However, these kinds of fluids are actually non-Newtonian in nature.

The primary characteristic of these fluids shows the dependence on

the shear rates based on the viscosity. The properties of generalized
Newtonian fluids are evaluated through different variations in fluid

flow behaviour. To overcome these constraints, the Cross model first

time is used which is presented in 1965 (Cross, 1965). At very high/

low shear rate, the fluid’s pseudoplastic and dilatant properties can

be described using this model. The Cross modelling is implemented

in various engineering systems due to the time characteristic (Khan

et al., 2017). Ayub et al. (Ayub et al., 2022) used two rotating disks

to compute the homogeneous/heterogeneous and Lorentz force

impacts using 3D radiative Cross nanofluid. Hosseinzadeh et. al

(Corke and Knasiak, 1998) investigated the Cross-fluid flow with

nanoparticles of gyrotactic microorganisms’ past on the cylinder.

Cross fluid flow along with the irreversibility analysis and the Car-

boxymethyl cellulose water mixture using the hybrid nanofluid is dis-

cussed by Ali et. al (Hosseinzadeh et al., 2020). The Cross fluid is

studied in various applications that are discussed in these references

(Ali et al., 2023; Anjum et al., 2023). The study of the Cross fluid

has been presented in various application in recent literature (Ayub

et al., 2022; Ayub et al., 2021; Ayub et al., 2022; Shah et al., 2021).

In these studies, the relation of bioconvection and Cross-diffusion

effects is carried out by using the analysis of Cross fluid.

1.1. Motivation

The study of inclined magnetized unsteady Cross flow with attached

buoyancy effects and energy loss over the coated disks is used to

understand and predict the behavior of different flows in various

industry and renewable energy systems. In many cooling and heat

exchangers processes, the flow of fluid is often affected by the buoy-

ancy forces due to the temperature gradients. Similarly, in the systems

of renewable energy, such as solar thermal systems, the flow of fluid is

affected by the buoyancy forces due to the presence of heat source.

Additionally, many industrial processes involve the use of magnetic

fields, such as heating and magnetohydrodynamic power generation.

To understand the combined effects of buoyancy, magnetic fields,

and energy loss is used due to the flow coatings characteristics, which

is crucial to design and optimize these systems. This study aims to pro-

vide the valuable insights using these effects and contribute to the

ongoing research in the field.

1.2. Novelty

The current study represents the novel contributions using the compre-

hensive analysis of an inclined magnetized unsteady Cross flow over a

coated disk with attached buoyancy effects and energy loss. To the best

of our knowledge, there has been limited research on the combined

effects of buoyancy, magnetic fields, and energy loss due to coatings

on the flow characteristics in this specific context. Furthermore, this

study presents the numerical simulations of the governing equations,

which provides a more accurate and detailed analysis of the flow char-

acteristics as compared to previous studies, which have been calculated

through the analytical or experimental methods. Additionally, this

study focuses on the effects of the inclination angle, magnetic field

strength, and coating thickness using the flow characteristics and

energy loss, which provides a depth understanding based on these

effects. Overall, this study provides a new and unique perspective on

the behavior of inclined magnetized unsteady Cross flows with

attached buoyancy effects and energy loss over the coated disks.

http://creativecommons.org/licenses/by/4.0/


Chart 1 Brief review of the mathematical model.
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Rest of the paper is summarized as: Section 2 presents the method

and material, Section 3 shows the results and discussions, Section 4

indicates the conclusions.

2. Method and material

Under the influence of gentle force and dense scattering, the
incompressible unsecure diffusive connective unstable
advancements of the Carreau fluid (CF) past on a covered disk

were observed. The disks straight line velocity t ¼ cr
t

� �
is

accountable for evolving the axisymmetric flimsy stream of

CF in the consequence of covering system. eTw and eT1 repre-

sent the conducting disk and fluid surface temperature, whileeCw and eC1 represent the disk and fluid concentrations. The
stream calculation using the rz-plane is presented in Fig. 1.
Fig. 1 Configuration of fluid analysis in
The accompanying velocity capability is applied for the
axisymmetric fluid flow as:

V ¼ u
�
t; r; zð Þer þ w

�
t; r; zð Þez ð1Þ

In the above Eq. (1), w
�
and u

�
represent the axial and circu-

lar velocities. The energy, velocity, and concentration condi-
tions using the blended diffusive progression based on the
CF are assumed as:

divV� ¼ 0 ð2Þ

q
@V

@t
þ V�:rð ÞV�

� �
¼ div sþ F�; ð3Þ

F� is defined as:

F� ¼ beC eC �gC1
� �

þ beT eT �gT1
� �n o

gq; ð4Þ
the inclined magnetized environment.



Fig. 2 (a, b): Represents the values of Weissenberg number (We) on speed and temperature profiles.

Fig. 3 (a, b) Different values of C on velocity and concentration profile.
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s ¼ �pIþ egA1; A1 ¼ L
eT þ L; L ¼ gradV� ð5Þ

eg ¼ fg1
þ ego � fg1ð Þ 1

1þ eC r
:

� �n
264

375; qfCq
@ eT
@t

þ r:V�ð Þ eT !

¼ rr2 T
�
þl�trace A1:Lð Þ ð6Þ

@ eC
@t

þ V�:rð Þ eC ¼ D r2 eC� �
ð7Þ

The boundary and initial conditions are presented as
fallows

eu ¼ Uw; ew ¼ o; eT ¼ eTw ; eC ¼ eCw at z ¼ 0; ð8aÞ

eu ! 0; eT ¼ eTw ; eC ¼ eCw as z ! 1 ð8bÞ
eu ¼ 0; eT ¼ 0 ; eC ¼ 0; ew ¼ 0; at t ¼ 0; ð8cÞ
In the above equation, Uw ¼ cr

t

� �
represents the coated disk

rapidity, a is the thermal conductivity, beC illustrates the con-

centration extension parameter, fg1 represents the viscosity

based on infinite shear-rate, g�� shows the Cross fluid viscosity,eT1 and eC1 present the ambient temperature and concentra-
tion, bT describes the thermal extension parameter, g� repre-

sents the viscosity based zero shear-rate, eCw and eTw are the
concentration and wall temperature. Subsequently, the accom-

panying boundary layer are presented in conditions (2–8)
shows the conditions (9–13)

ew ¼ o dð Þ; r ¼ o 1ð Þ; eC ¼ o 1ð Þ; ez ¼ o dð Þ;ew � o d2
� �

; t ¼ o 1ð Þ; C ¼ o d2
� �

; eT ¼ o 1ð Þ;

eu
r
þ @eu

@r
¼ � @eu

@z
ð9Þ



Fig. 4 Represents the Eckert number on temperature profile.
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@eu
@t

þ eu @eu
@r

þ ew @eu
@z

� gbeC eC �gC1
� �

þ gbeT eT �gT1
� �n o

¼ t
@

@z
1þ C2 @eu

@z

� �� 	�1
@eu
@z

" #
; ð10Þ

@ eT
@t

þ eu @ eT
@r

þ ew @ eT
@z

¼ k

q eCq

@2 eT
@z2

þ teCq

@eu
@z

� �2
1þ C @eu

@z

� �� �n
264

375; ð11Þ

@ eC
@t

þ eu @ eC
@r

þ ew @ eC
@z

¼ D
@2 eC
@z2

: ð12Þ

at ez ¼ 0; U ¼ cr

t
; ew ¼ 0; eT ¼ fTw ; eC ¼ fCw

The following conditions are given as:

at ez ¼ 0; ew ¼ 0; U ¼ cr

t
; eT ¼ fTw ; eC ¼ fCw ð13aÞ

at et ! 1 ; eC ¼ gC1 ; U ! 0; eT ¼ fTw ; ð13bÞ

at t ¼ eu ¼ ew ¼ eT ¼ eC ¼ 0: ð13cÞ
The non-layered factors are given as:

eg ¼
ffiffiffiffiffi
cevt

r
z; h ¼

gT1 � eTgT1 � fTw

; eu ¼ cr

t
ef0 gð Þ; ew

¼ �2

ffiffiffiffiffi
ct

p
t
ef0 gð Þ;/ ¼

eC �gC1fCw �gC1
; ð14Þ

The above Eq is used in conditions (9) to (13), the obtained

framework is acquired as:
2ef00 ef � ef0� �2
þ k hþNr/ð Þ þ 1

c
ef0 � g

2
ef00� �� �

1þ Weef00� �nn o�2

þ 1þ 1� nð Þ Weef00� �nn off000
¼ 0;

ð15Þ

Prh00 þ 2h0ef þ g
2c

h0 þ Ec ef00� �2
Weef00� �n

þ 1
� ��1

¼ 0; ð16Þ

/00 þ 2ef00/0 þ g
2c

/0
� �

Sc ¼ 0 ð17Þ

ef 0ð Þ ¼ 0; ef0 0ð Þ ¼ h 0ð Þ ¼ 1; The above issue decreases using
the flow of boundary layer when We; k ! 0. Additionally,

energy decreasing impacts can be noticed through Eckert num-
ber. Boundary conditions are presented as:ef 0ð Þ ¼ 0; ef 0 0ð Þ ¼ h 0ð Þ ¼ / 0ð Þ ¼ 1; ð18aÞ

ef0 1ð Þ; h 1ð Þ&/ 1ð Þ ! 0 ð18bÞ

Weissenberg number is We ¼ Ccr
ffiffiffi
c

tevq
=t

� �
, the parameter

of buoyancy ratio is Nr ¼
beC eCw�eC1
� �

b
T
... eTw�eT1
� � !

, Ec ¼ U rð ÞeT1eCq

� �
is the

Eckert number, k ¼
gbeT eTw�fT1
� �

r

Uwð Þ2

 !
represents the buoyancy

parameter, Sc ¼ tð Þ and Pr ¼ g� eCq

k

� �
are the is called Schmidt

and Prandtl numbers. Local skin-friction coefficient (SFC) isfCq , local Nusselt number (LNN) is Nu, and Sherwood number

(SN) is Sh are given as:

fCq ¼ srzjz ¼ 0
1
2
U2q

ð19Þ

where

srzjz¼0 ¼ eg�
euz

C euzf gn þ 1

� �
ez¼0

ð20Þ

The SFC with dimensionless formulation is given as:

1

2

ffiffiffiffiffiffi
Re

p eCf ¼ �
ef00 0ð Þ

1þ ef00 0ð ÞWe
� �n ð21Þ

The LNN is presented as:

Nu ¼ rfqw
k fTw �gT1
� �0 ð22Þ

Where fqw ¼ �kTez jez¼0

� �
represents the surface heat flux.

The dimension less LNN is shown as:

Nuffiffiffiffiffiffi
Re

p ¼ �h0 0ð Þ ð23Þ

SN is expressed as:

Sh ¼ r eqc
D fCw �gC1
� �0 ð24Þ



Fig. 5 (a, b). Different values of inclined angle on velocity and temperature profile.

Fig. 6 (a, b) Representations the Pr on velocity and temperature state.
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In Eq. (24), eqc ¼ �DfCc jez¼0

� �
represents the flux of surface

mass, and SN is defined as:

Shffiffiffiffiffiffi
Re

p ¼ �/0 0ð Þ ð25Þ

The arrangement of exceptionally conditions (15) to (17)

are tackled by approximate solution, the shooting method,
which is a simple and proficient technique for calculations.
The MATLAB is used for the computational examinations

based on the shooting technique, which is depicted as:

y1 ¼ ef; y2 ¼ ef 0; y3 ¼ ef 00 ð26Þ

y03 ¼ ef000
¼ � 1þ Wey3ð Þn 2y1y3 � y22 þ 1

c
y2 � g

2
y3

� �þ k Nry6 þ y4ð Þ
 �
 �
1þ Wey3ð Þn 1� nð Þ½ �

ð27Þ
y4 ¼ h; y5 ¼ h0 ð28Þ

y05 ¼ h00 ¼ � 1

Pr
2y1y5 þ

g
2c

y5 þ
Ecy23

1þ Wey3ð Þnð Þ
� �

ð29Þ

y6 ¼ u; y7 ¼ u0 ð30Þ

y07 ¼ u00 ¼ �Sc 2y1y7 þ
g
2c

y7

� �
ð31Þ

With the initial conditions

y1 0ð Þ ¼ 0; y01 0ð Þ ¼ 1; y4 0ð Þ ¼ 1; y6 0ð Þ ¼ 1 ð32Þ
3. Results and discussion

In this section, the details of the numerical results and discus-
sions are performed of the system of differential equations.

Chart 1 shows the problem description of the problem.



Fig. 7 LSF, LNN and SN using the values of We.

Fig. 8 Pr with Nusselt number.
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In the light of the fact that the moving surface results in a
decline, which regulates the Cross CF flow using the boundary
layer. Fig. 2 addresses the boundary layer velocity horizontally

along the circle drops with the rising upsides of the Cross-fluid
velocity boundary-based surface level. This figure shows that
the outcomes for the arbitrary upsides of the Weissenberg

number (We) by fixing different boundaries appeared as the
above ordinary differential equation. ‘‘We” contains the time
relaxation steady terms along with the impacts of velocity

and temperature. Fig. 2a and Fig. 2b address the various
upsides of We based on the profile of speed and temperature.
Fig. 2a illustrates that by expending the upsides of We, speed
profile builds because of shear diminishing / thickening area of
Cross fluid. It is demonstrated that We shows the shear reduc-
ing influences, which weaken the resistive powers in the Cross

CF. The velocity of Cross fluid past over the surfaces increases
with an increase in We using the boundary area. The rising
impacts of bouncy ratio parameters lightness the percentage

due to the concentration that is addresses in Fig. 3. Tempera-
ture of CF heightens with mounting upsides of the Eckert
number addresses in Fig. 4. Different nonlinear dimensionless

boundaries diagrams in view of temperature, velocity and con-
centration profiles are given in Figs. 2 to 6. Figs. 5 to 9 indicate
the expanding form of the activation energy parameters and



Fig. 9 Schmidt number on SN.

Table 1 Approximate results of LSF, LNN and SN for n = 1,

Pr = 0.7, c = 5, Ec = 0.2, l = 0.1, Sc = 0.2, and Nr = 1.

We LSF LNN SN

0.1 0.84565493 0.7290323 0.6089283

0.2 0.78450391 0.7200034 0.5987382

0.3 0.72003922 0.7118328 0.5892892

0.4 0.65990943 0.7092092 0.5800029

0.5 0.60874521 0.6903284 0.5729384

Table 2 Pr impacts on LNN using n = 2, We = 0.2,

Ec = 0.2, l = 0.1, Sc = 0.2, c = 5, and Nr = 1.

Pr LNN

0.1 2.0853235

0.3 1.4543438

0.5 1.1674382

0.7 0.9942291

0.9 0.8752134

Table 3 Effect of Sc on SN for n = 2, We = 0.2, Ec = 0.2,

l = 0.1, Pr = 0.7, c = 5 and Nr = 1.

Sc SN

0.1 0.3665143

0.3 0.5333454

0.5 0.6843373

0.7 0.8185223

0.9 0.9389392
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response rate boundary nano-molecule velocity profile
improved and devaluated. Fig. 5a presents the shear diminish-

ing area of Cross fluid, axial component, and temperature,
which are directly related to each other. Fig. 5b indicates the
shear thickening space of Cross fluid that unveil the similar

way of behaving. Axial components and normal temperature
depend upon on each other. Obviously by developing the
upsides of n, the speed and temperature profiles reduce. As
K a: 1
R
is used to expand the curvature parameter range of tubed

shaped surface that lessons the fluid contact with surface

diminishes and less obstruction along these fluid particles in
the boundary layer. The variety in CF particles temperature
regarding involved boundary in the sight of definition

(S = 0.2) and in the non-appearance of (S = 0.0) are clarified
with the assistance of Fig. 6a and 6b. Witness the diminishing
way of behaving the thermal distribution because of moderate
extent of Pr layer and non-stratification. This conduct is legit-

imated is presence of converse convection of Pr and thermal
energy diffusion. Fig. 6a addresses the values of Pr on the
velocity profile, while Fig. 6b represents the performances of

Pr on the temperature profile.

3.1. Aspect of physical interpretation

In this analysis, the coefficients of LSF, LNN, and SN for var-
ious boundary layers in Table 1. By expanding the magnetic
parameter, LSF coefficient increases, while LSF and SN

reduces. It is seen that by expanding the response rate of the
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boundary, Nusselt number and Skin fraction coefficient does
not change, while Sherwood number increases.

Graphical impact of unsteadiness (parameter) axial compo-

nent on different profiles
From the graphical representations, it is observed that if Pr

and K increases then the LNN declined mentality. By increas-

ing LNN, magnetic parameter reduces. The justification for
improvement the size of intensity move rate shows the incre-
ment in Pr, which represents the proportion between energy

to warm diffusivity express by Pr. By expanding Pr, energy dif-
fusivity improves, and normal motor movement of liquid par-
ticles attaches that shows the expansion in the intensity move
rate. Moreover, the variety showed by different boundaries

on LSF and LNN are likewise justifiable using the information
of Tables 1 and 2. Table 1 portrays the mathematical variety in
coefficient of drag force regarding We and attractive field

boundary (M) for round/hollow and level surfaces (K = 0.5)
and (K = 0.0). From the mathematical information it very
well may be examined that wall shear pressure if there should

arise an occurrence of level surface is clearer than chamber.
(See Table 3).

4. Conclusions

The results of this study provide the valuable insights into the effects of

buoyancy, magnetic field, and coating thickness on the flow character-

istics and energy loss of an inclined magnetized unsteady Cross flow

over a coated disk. The numerical simulation method used in the study

has been proven to be an accurate and reliable way to predict the fluid

flow and energy loss in the system. The study could have practical

applications in the design and optimization of systems that involve

buoyancy-driven flows in the presence of magnetic fields, such as in

various industrial processes and renewable energy systems.

Conclusion is summarized in points given as:

1. The buoyancy effect has a significant impact on the flow, resulting

in an increase in the flow velocity.

2. The magnetic field also has a significant effect on the flow, with the

velocity decreasing as the magnetic field strength increases.

3. The coating thickness has a significant effect on the energy loss,

with the energy loss decreasing as the coating thickness increases.

4. The inclination angle has an effect on the flow characteristics and

energy loss, with an increase in the angle leading to a change in

the flow pattern and energy loss.
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