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KEYWORDS Abstract  Single-walled branched carbon nanotubes are highly favorable building blocks of next-
Carbon nanotubes; generation innovative nanoelectronics and nanodevices. Y junctions as members of this family have
Branched carbon nanotubes; shown great potential for the production of nanoscale three-terminal devices and carbon nanotube
Y junctions; networks. The bond energy is among the most essential thermophysical quantities to be considered
Topological indices; when studying chemical materials for different purposes in various fields of science and technology.
Bond energy; To estimate the bond energy of symmetrical single-walled armchair carbon nanotube Y junctions,
Simple regression; we are presenting a mathematical formula defined in structural parameters of Y junctions. More-
Multiple regression over, some linear, multiple linear and non-linear regression models described in terms of some topo-

logical indices have been presented. According to the best of our knowledge and literature, this is

the first such report about this family of junctions.

© 2021 The Author. Published by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction and preliminaries comparison to straight CNTs (Liu et al, 2010;
Papadopoulos et al., 2000; Kim et al., 2006; Menon and
Srivastava, 1997; Aiyiti et al., 2018; Zhang et al., 2018; Mei
and Cheng, 2020; Ghorbanpour-Arani et al., 2017; Yang
et al., 2012; Yang et al., 2014; Meunier et al., 2002). We refer
the reader to (Terrones et al., 2002; Baughman et al., 2004) for
the progress and techniques made toward welding CNTs to
obtain novel architectures.

The first proposed branched CNT was of Y shape; com-
monly known as three-terminal junction or Y junction. It
E-mail addresses: ashinori@hotmail.com, asahmad@kfu.edu.sa was a theoretical structural model of a symmetrical armchair
Peer review under responsibility of King Saud University. single-walled carbon nanotubes (SWCNTSs) Y junction which
appeared in Scuseria, 1992; Chernozatonskii, 1992, indepen-
dently, just over a year after the discovery of the first CNT

PR (Iijima, 1991) in 1991. Any such junction is a highly suitable
FLSEVIER Production and hosting by Elsevier candidate for the production of nanoscale electronic devices

Branched or non-straight carbon nanotubes (CNTs) such as X,
Y, T, and L are of great interest in various fields of science.
Especially, in carbon nanoscience and technology where they
are considered as a building block of innovative nanodevices
and next-generation nanoelectronics, not just due to their
excellent properties but also the need for devices produced
on the nanometer scale with better mechanical properties in
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with better switching and reliable transport properties at room
temperature. These junctions were observed experimentally
(Zhou and Seraphin, 1995) in 1995. In a Y junction, three
CNTs join each other in a Y-shaped pattern and generate six
heptagons along with hexagons at the branching points. The
position of heptagons in Y junctions determines their shape.
Depending on the selection of joined CNTs, a Y junction is
classified as an armchair, zig-zag, or chiral CNTs Y junction.
Further, it may be single- or multi-walled, capped or
uncapped, symmetric or asymmetric, metallic or semiconduc-
tor. We refer to (Zsoldos et al., 2004; Zsoldos et al., 2005;
Zsoldos and Kakuk, 2007; Dimitrakakis et al., 2008; Laszlo,
2005; Laszlo, 2005; Laszlo, 2008; Materials, 2013; Yin et al.,
2006) for subsequent models and variations in the construc-
tions of Y junctions and to (Bandaru, 2012;
Chernozatonskii, 2003) for some studies related to the proper-
ties and applications of Y junctions.

A molecular graph is a graphical representation of the struc-
tural formula of a chemical compound in which vertices and
edges correspond to atoms and bonds, respectively. A graph
invariant obtained from a molecular graph to describe quanti-
tative structural-property relationship and quantitative
structural-activity relationship of the underlined molecule is
known as a topological index (topological descriptor). Since it
is a structural invariant hence, does not depend on the labeling
or the pictorial representation of a molecular graph. Topolog-
ical descriptors realized wide applications in the correlation
and the prediction of numerous chemical properties (Balaban
et al., 1993; Rouvray, 1988) and in experiments of comparison
and isomorphism (Randic¢ et al., 1990; Diudea, 1994).

Hyper Zagreb index (Shirdel et al., 2013), first and second
multiple Zagreb indices (Ghorbani and Azimi, 2012), and aug-
mented Zagreb index (Furtula et al., 2010) are among the long
list of those Zagreb indices which are modified versions of first
and second Zagreb indices (Gutman and Trinajstc, 1972). The
first and second Zagreb indices are the oldest vertex-degree
based topological descriptors and have shown great applica-
tions in chemical graph theory. In (Rajasekharaiah and
Murthy, 2020), it is proven that the correlation of the boiling
point of benzenoid hydrocarbons are better with hyper Zagreb
index than distance-based indices and, within a set of selected
vertex-degree based indices augmented Zagreb index has
shown best correlation with standard heat of transformations
and normal boiling points of octane isomers (Gutman and
Tosovie, 2013). Regarding applications of multiple Zagreb
indices we refer to (Réti and Gutman, 2012), whose topic of
discussion is the relation of multiplicative Zagreb indices with
first and second Zagreb indices. For other details of these
indices, we recommend (Basavanagoud and Patil, 2016;
Gutman and Trinajstc, 1972; Gutman et al., 2015; Nezhad
and Azari, 2016; Wang et al., 2012; Huang et al., 2012).

The mathematical expressions of these indices are defined
as follows:

Let G be a connected finite simple molecular graph with the
vertex set V(G) and the edge set £(G). The number of atoms/
vertices in G is called the order/cardinality of G and is denoted
by |V(G)|. The number of bonds/edges is called the size of G
and is represented by |E(G)|. The degree of a vertex
u € V(G) denoted by 9(i) is the number of edges attached
to the vertex p and an edge pv € E(G) is called of type (s, )if
O(u) = s and 9(v) = t. For an edge uw € E(G), we define

Hyper Zagreb Index:

HM(G) = Y (3(n) +0(v))". (1)

WeE(G)

First multiple Zagreb Index:

PM(G) = [T (0(w) +a(v)). (2)

WeEE(G)

Second multiple Zagreb index:

PMy(G) = [] (@) x o). 3)

HekE(G)

Augmented Zagreb index:

o) x 20) Y’
4210 = 5 (5o 3) W

HeE(G)

2. Aim and methodology

There are recent theoretical studies on structural and electronic
effects of finite size zigzag or armchair CNTs of various diam-
eters and lengths (Pérez-Guardiola et al., 2019), their charge
polarization (Fedoseeva et al., 2018), the effect of doping
(Santidrian et al., 2019), and the role of tube chirality on the
diffusion of water (Sam et al., 2019). There have also been
studies of the properties of hybrid SWCNTSs with other mate-
rials, mostly carbon materials, transition metals, and even con-
fined water molecules (Chutia et al., 2012). However, there are
relatively few computational studies of the thermodynamic of
CNTs as a function of their radius, diameter, chirality, func-
tionalization, and doping. Thus, understanding the thermody-
namic properties for SWCNTs and armchairs is highly
essential. Among these thermodynamic properties, bond
energy or bond dissociation enthalpy for the formation of
CNTs from carbon atoms has been the subject of focused
research. These studies could provide a pathway to make a
correlation between grown CNTs and their size which resulted
in tuning their thermodynamical properties for various appli-
cations (Rodriguez et al., 2014). Furthermore, the connection
of small molecule properties to infinite length can be estab-
lished by mapping such properties versus length, yielding an
essential basis for understanding properties in the nanosize
regime.

Correlation analysis helps in assessing the strength of the
relationship between two variables while regression analysis,
on the other hand, provides ways to model this relationship.
A regression equation in a regression model is not only used
to study the relationship between variables but is also an effec-
tive tool to predict or estimate one value in terms of the others.

Here first, we describe a mathematical formula in terms of
structural parameters (length and chirality of used CNTs) to
compute bond energy of some symmetrical SWCNTs Y junc-
tions. After that, few regression models as estimators for bond
energy have been described. Regression models presented here
are not limited to linear regression. Bilinear and non-linear
regression models have also been developed. Topological
indices, namely, hyper Zagreb, first and second multiple
Zagreb, and augmented Zagreb indices are being used as inde-
pendent variables along with structural parameters of Y
junctions.

In the next section, the molecular graph of the considered
type of Y junctions has been described. Section 4 is devoted
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to the results. A summary of the results is given in Section 5.
Lastly, references have been listed.

3. Y-junction Graphs

SWCNTs are uniquely determined by their chiral vector
v = pv, + ¢v,, where p and g are non-negative integers and v,
and v, are the graphene sheet lattice vectors. If p = ¢, then
the corresponding SWCNT is called armchair and denoted
by (p,p)-armchair SWCNT. These tubes are always metallic.

Let /,/, and p be positive integers such that p > 41is an even
integer and /' = /+4 for / > 1. If T} stands for an ideal (p, p)-
armchair SWCNT of length /(layers of carbon in the tube)
with uniform carbon-carbon (C-C) bond length b.. Then by
Ji(p,p), we mean the molecular graph of a symmetrical Y-
shaped SWCNTs junction Y,(p,p) with branch length /. The
junction Y;(p,p) is built by the covalent interconnection of
three copies of T, which intersect each other at an angle of
120° and having no ring of hexagons between pairing hep-
tagons (Nagy et al, 2016). In Yip,p), we have
% ?— %p + 2 + 3lp hexagonal rings along with six heptagons.
The opening of any branch in Y;(p, p) is equal to the diameter
3pb,./n of Ty, and hydrogen-carbon (H-C) bonds are located
at the edges of branches. Note that the graph J;(p, p) is describ-
ing only the (C-C) bonds.

The graph J;(p, p) is of order 2 p* + 3p + 6 + 6lp and of size
2p*+3p+9+49p. It has 6p vertices of degree two and
3p* —3p+ 6+ 6lp vertices of degree three. One such graph
has depicted in Fig. 1.

4. Results and Discussion

If p = 4 is an even integer and / > 1, then the chemical for-
mula of Y,(p, p) is C,Hg,, where r = |V(J,(p, p))| is the number
of carbon atoms in Y,(p,p).

To estimate bond energy of Y;(p,p), we generate a new
graph Ji(p,p) (satisfying chemical structure of Y;(p,p)) from
Ji(p,p) by attaching 6p vertices of degree one (representing
hydrogen atoms in Y,(p,p)) to degree two vertices of Ji(p, p).
The graph Ji(p,p) consists of 6p edges of type (1,3) and

Fig. 1 A symmetrical uncapped single-walled armchair carbon
nanotubes Y-junction.

|E(Ji(p,p))| edges of type (3,3), which represents (H-C) and
(C-C) bonds in Y(p,p), respectively. Note that in these
|[E(Ji(p,p))| (C-C) bonds, 3p*+6+6lp are single and
2p? +3p+ 3+ 3Ip are double bonds.

4.1. Bond energy of Yi(p,p) in terms of p and [

The average bond length 1.42A of (C-C) bonds of SWCNTs is
well established (Mashregi and Moshksar, 2010) and it is
nearer to 1.39A of benzene than 1.54A of the diamond. There-
fore, for calculations, the bond energy 518kJ/mol of (C-C)
double (partial) bond of benzene is considered.

If Ey stands for actual (experimental) bond energy of
Yi(p,p). Then, for (H-C) bond energy e, = 412kJ/mol and
(C-C) bond energy e, = 518kJ/mol, the estimated bond
energy E, of Y,(p,p) is

E, = 6pe, + |E(Ji(p, p)) e
— (1165.50” + 3249 + 4662 + 4662Ip)kJ /mol, (5)

a quadratic equation defined for arbitrary values of p and /.
Two graphs of Ej, have illustrated in Fig. 2.

4.2. Regression models based on Topological indices

A regression model with one dependent and one independent
variable is called simple otherwise, multiple. And, we call it
non-linear if not linear. Eq. 5 is quadratic in two variables.
Hence, the regression models with regression equations simpler
than Eq. 5 are simple linear, bilinear and simple quadratic.

If x and y are two independent variables and z is a depen-
dent variable then following are the regression equations of
described regression models:

e Simple linear: z = a + bx,
e Simple non-linear: 2 = ¢ + dx + ex?,
e Bilinear: z = f + gx + hy,

where a,b,c,d, e, f,g, and h are regression coefficients.

From Eq. 5, it is evident that the above-mentioned regres-
sion models with independent variables p or /, cannot be used
as estimators for Ej,. Therefore, another variable is needed
along with these two. For this purpose, hyper Zagreb, first
and second multiple Zagreb, and augmented Zagreb indices
has been selected. The values of these indices for Y junction
graph Ji(p, p) are as follow:

Theorem 4.1. For p = 4 an even integer and | = 1, the graph
J = J\(p,p) has

1. HM(J') = 81p% + 150p + 324 + 3241p,
2. PM\(J') = 2930009 it oip s
3. PMy(J') = 337 +9p 18 +181p

4. AZIJ") = S8 + 5 p + 85+ S5t p.

Proof 1. Since J' consists of 6p edges of type (1,3) and
2p* +3p + 9+ 9lp edges of type (3,3). Therefore, for these val-
ues of edges Eqgs. (1)-(4) convert into
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respectively. Which completes the proof. [

If HM,AZI,PM, and PM, are topological indices of
Ji(p,p). Then for some x € {HM,AZI, In(PM,),In(PM,)},
next are regression models defined in x and p to estimate E,,
where [n stands for natural logarithm which is taken to control
the value’s size of these indices. The tables and figures have
also been furnished for some particular values of / and p to
observe ¢, = Ej — E;,(x), the error or difference between the
actual value E,, obtained by Eq. 5 and the corresponding esti-
mated value Ej(x). Note that values provided in tables are
measured in kJ/mol.
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Graphs of Ej.

4.2.1. Simple linear regression models

For some x € {HM,AZI In(PM,), In(PM,)}the simple linear
regression equations defined for Ej, are as follow:

E,(HM) = 410743.104442416 + 14.3901472862153HM,

E,(AZI) = 584169.589338305 + 45.4816508930545A4Z1,

Ey(In(PM>)) = 18652.1791910486 + 236.07942723447
x In(PM,;),

Ey(In(PM))) = 365.96400297172 + 289.130718761873
X 11’1(PM|)

For the data given in Table 1, it is easy to observe that
although, the zero error is not achieved in any case but
& (pu,) 1N the comparison

lemear)| < |em(pay| < lenm| < |Eazil

is sufficiently low which makes E,(In(PM,)), the best estimator
for E, among defined linear regression models. See Fig. 3 for
illustration.

4.2.2. Simple quadratic regression models

For some x € {HM,AZI, In(PM,),In(PM,)}, the described
quadratic regression for Ej, are

E,(HM) = 10906.6666666731 -+ 14.3888888888889 H M
+2.13190679089337 x 10™°(HM)?

Table 1 Differences between actual and estimated values of Ej for linear regression estimators.

Lp E, Ey(HM) EHM Ey(AZI) €az1 Ey(In(PMy) €l (PA) Ey(In(PM)) €l (PM))
5:4 129546  535937.3858 —406391.3858 707526.4863 —577980.48631 144701.0225 —15155.0225 130655.8253 —1109.8253
7;6 261918  666139.4385 —404221.4385 836812.3428  —574894.3428  275418.3415 —13500.3415 262906.6337 —988.6337
9;8 440910  842965.5684 —402055.5684 1012723.998 —571813.998 452820.4172 —11910.4172 441782.1854 —872.1854
11:10 666522 1066415.776  —399893.776  1235261.452 —568739.452 676907.2498 —10385.2498 667282.4804 —760.4804
13;12 938754  1336490.060 —397736.060  1504424.704 —565670.704  947678.8391 —8924.8391  939407.5187 —653.5187
15;14 1257606 1653188.421  —395582.421  1820213.755 —562607.755 1265135185 —7529.185 1258157.300 —551.300
17;16 1623078 2016510.860  —393432.860  2182628.605 —559550.605 1629276.288 —6198.288 1623531.825 —453.825
19;18 2035170 2426457.376  —391287.376  2591669.254 —556499.254  2040102.148 —4932.148 2035531.093 —361.093
21;20 2493882 2883027.969 —389145.969  3047335.701 —553453.701 2497612.764 —3730.764 2494155.105 —273.105
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Fig. 3 Graphical comparisons of actual and estimated values of E, for linear regression estimators.

Table 2 Differences between actual and estimated values of Ej, for quadratic regression estimators.

m;p Ep E,(HM) EHM Ey(AZI) €4zl Ey(In(PM,) €in (PMy) Ey(In(PM,) Eln (PM))

5:4 129546 136090.0 —6544.0 124076.1491 5469.8509  164430.0003  —34884.00029 132642.8555  -3096.855500
7;6 261918  266280.6667 —4362.6667 254112.6599  7805.3401  294966.0003  —33048.00030 264880.2095  -2962.209500
9;8 440910  443091.3334  —2181.3334  431040.4797  9869.5203  472122.0003 —31212.00030 443737.5636 —2827.563601

11;10 666522
1312 938754
1514 1257606
17,16 1623078
19;18 2035170
2120 2493882

666522.0001 —0.0001 654854.8360
936572.6668  2181.3332  925549.6915
1253243.334 4362.666 1243117.744

1616534.0 6544.0 1607550.426
2026444.667 8725.333 2018837.906
2482975334  10906.666  2476969.086

11667.1640  695898.0003  —29376.00030  669214.9177 —2692.917701
13204.3085  966294.0002 —27540.00020 941312.2716  —2558.271603
14488.256 1283310.0 —25704.0 1260029.625  —2423.625005
15527.574 1646946.0 —23868.0 1625366.980  —2288.980008
16332.094 2057202.0 —22032.00001  2037324.333  —2154.333013
16912.914 2514078.0 —20196.00001  2495901.688  —2019.688020

Bond energy kJ/mol

Indice's values
~Actual bond energy—HM ~ AZI—PM.—PM||

600000—] ]

500000—]

kJ/mol
1

gy

Bond Ener;

100000—]

Fig. 4 Graphical comparisons of actual and estimated values of Ej, for quadratic regression estimators.

E,(AZI) = 1.60082728392449 x 10™* + 45.7473829610946AZI  E,(In(PM,)) = 3366.1473086448 + 289.10130454238 In(PM,)
— 2.0060315943275 x 107(AZI)?

Ey(In(PM,)) = 38556.0002883367 4 235.75195961445
x In(PM,) — 8.67915516357
x 107*(In(PM,))’

— 2.65642218061376 x 10" (In(PM;))*

The graphs shown in Fig. 2 were the main reason for develop-
ing quadratic regression estimators with the expectation of bet-
ter results. But, on comparing errors provided in Table 1 and
Table 2, one can easily observe that for HMand AZI, defined
quadratic equations are providing better results than corre-
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Table 3 Differences between actual and estimated values of E, for bilinear regression estimators.
m;p E, Ey(HM) EHM Ey(AZI) eAzI E,(In(PM,) Eln (PM>) E,(In(PM)) Eln (PM})
5:4 129546 129546.0 0.0 129546.0 0.0 129545.9995 0.0005 129545.9996 0.0004
7:6 261918 261918.0 0.0 261918.0 0.0 261917.9996 0.0004 261917.9997 0.0003
9;8 440910 440910.0 0.0 440910.0 0.0 440909.9996 0.0004 440909.9995 0.0005
11;10 666522 666522.0001 —0.0001 666521.9999 0.0001 666521.9994 0.0006 666521.9995 0.0005
13;12 938754 938754.0001 —0.0001 938753.9999 0.0001 938753.9994 0.0006 938753.9997 0.0003
15;14 1257606 1257606.0 0.0 1257605.999 0.001 1257605.999 0.001 1257605.999 0.001
17;16 1623078 1623078.0 0.0 1623078.0 0.0 1623077.999 0.001 1623077.999 0.001
19;18 2035170 2035170.0 0.0 2035170.0 0.0 2035169.999 0.001 2035169.999 0.001
21;20 2493882 2493882.0 0.0 2493882.0 0.0 2493881.999 0.001 2493881.999 0.001

Bond energy kJ/mol
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500000

Indice's values
—Actual bond energy—HM—AZI-PM. PM,
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Fig. 5 Graphical comparisons of actual and estimated values of E, for bilinear regression estimators.

sponding linear equations. While, for /n(PM,), and in(PM,)
results are better for linear equations. The same can be
observed in Fig. 4. It is also notable that linear regression
equation in /n(PM,) is still the best estimator.

4.2.3. Bilinear regression models

The bilinear regression equations defined for E, in terms of p
and x € {HM, AZI, In(PM,),In(PM,)} are as follows:

Ey(HM) = 3.999975775 x 1077 + 1090.66666664p
+ 14.3888888888889 H M

E,(AZI) = 7.09195476814083 x 107> + 1551.1110995875p
+45.47599450711694Z1

Ey(In(PM,)) = —5.85988501607873 x 10~
+918.00004296869p + 235.75195954253
X ll'l(PMz)

Ey(In(PM})) = —4.57908620364488 x 10~*
+ 67.322985309664p + 289.10130444179
x In(PM,)

Table 3 and Fig. 5, guarantee that all four of the described
bilinear regression equations are providing the best results with
almost zero error in all cases. Therefore, we conclude that all
these are appropriate for estimation purposes.

5. Conclusion

Formula-based simple and versatile estimators defined for
arbitrary values of / and p (structural parameters of Y junc-
tions), hyper Zagreb, first and second multiple Zagreb, and
augmented Zagreb indices have been provided to determine
the bond energy of symmetrical SWCNT Y junctions.
Although, the best results appeared for bilinear models but it
is shown that for an appropriate selection of topological
indices one can achieve satisfactory results by linear models,
too.
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