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Abstract In order to facilely predict the multicomponent breakthrough curves and avoid the com-

plicated numerical solution, this work proposes two empirical models based on the logistic and

Gompertz functions. The S-shaped and bell-like curves correspond to the adsorption and displace-

ment processes respectively. The equilibrium loading of each component can be calculated by inte-

gration of the measured breakthrough curves. The effects of the model parameters on the

breakthrough curves are investigated. The applicability of the two empirical models is validated

by three binary and four ternary adsorption systems, including the gas–solid and liquid–solid

adsorption. The residual plot and coefficient of determination (R2) are used to evaluate their fitting

quality. The results indicate that the fitting curves agree well with the experimental data and all of

the residuals are distributed randomly. The five model parameters (k, s, k*, s* and c) are easily

obtained by the nonlinear regression. For example, the fitting results are k = 1.37 � 10�2 min�1,

s= 292 min, k* = 1.25 � 10�2 min�1, s* = 453 min and c= 85.3 for adsorption of n-butyl acetate

and p-xylene on granular activated carbon. On the whole, the Gompertz model is superior to the

logistic model in terms of the fitting accuracy. The significance of this work is to provide a simple

and practical method for prediction of the multicomponent breakthrough curves.
� 2022 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open

access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Adsorption is considered as an effective technique for removal of the

various pollutants due to its high removal efficiency, good selectivity,

ease of operation, and environmental compatibility (Dolatyari et al.,

2017; Dolatyari et al., 2018). The batch reactor and fixed-bed column

are widely applied to the engineered adsorption processes. But the lat-

ter is usually preferred in the practical application due to its two
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important advantages: The whole process has a high driving force, and

the adsorbates can be totally removed until the breakthrough occurs

(Hu et al., 2020; Worch, 2012). In such a system, the removal of the

adsorbates is a time- and distance-dependent process. The dynamic

adsorption behaviors of the adsorbates can be described by the effluent

concentration–time profile, i.e. the breakthrough curve (Hu et al.,

2019). The most effective adsorption can be obtained when the shape

of the breakthrough curve is as sharp as possible (Chu, 2004). The

accurate prediction of the breakthrough curves under the different

experimental conditions contributes to understanding dynamic adsorp-

tion behaviors, determining the equilibrium loading, and designing a

fixed-bed column with the reasonable size.

The Bohart–Adams (Bohart and Adams, 1920), Thomas (Thomas,

1948), Yoon–Nelson (Yoon and Nelson, 1984), Clark (Clark, 1987)

and modified dose–response (Yan et al., 2001) models are favored by

many researchers because of their simple mathematical forms and

good fitting qualities. However, these models are not appropriate for

the multicomponent adsorption, which are greatly limited in the prac-

tical application. In general, a breakthrough model that considers the

axial dispersion, external mass transfer, intraparticle diffusion, and

nonlinear isotherm can adequately describe the dynamic adsorption

behaviors in a multicomponent system (Tefera et al., 2014). Then,

the prediction of the breakthrough curves requires the simultaneous

solution of a set of the coupled partial differential equations under

the different initial and boundary conditions. One can readily see that

the calculation process is tedious and time-consuming. Therefore, it is

desirable to develop a simpler empirical model to satisfactorily predict

the breakthrough curves for the multicomponent adsorption.

To describe the breakthrough curves of the multicomponent

adsorption with the high accuracy, the use of the simpler and more

tractable models to avoid the complicated numerical solution appears

more suitable and logical (Chu, 2004). According to our previous

work, the breakthrough curve of the single-component adsorption is

divided into the symmetric and asymmetric S-shaped curves (Hu

et al., 2019). Inspired by this, this work uses the logistic (symmetric)

and Gompertz (asymmetric) functions to establish the empirical multi-

component breakthrough models. The basic idea is to treat the break-

through curves of the weak components as the superposition of the S-

shaped and bell-like curves. In a multicomponent system, the two

curves correspond to the adsorption and displacement processes

respectively. The applicability of the two empirical models proposed

in this work is validated by three binary and four ternary adsorption

systems. The Engauge Digitizer 11.1 software is used to extract the

experimental data in the literature. The estimation of the model

parameters is conducted by Origin 9 software using the Levenberg–

Marquardt method.

2. Theories and methods

2.1. Multicomponent breakthrough curves

In a multicomponent system, respective mass-transfer zones
travel with different velocities for all components. The weak
component is the first to reach the adsorbent layer and is

adsorbed as a single component in this layer. Later, a new bin-
ary equilibrium state is established when the strong component
reaches the same layer, which is related to the partial displace-

ment of the previously adsorbed component. In fact, all other
components will be subject to the displacement process except
for the strongest component. The occurrence of the displace-

ment process often leads to the distinctly different break-
through behaviors (Worch, 2012). The basic characteristics
of the breakthrough curves are shown in Fig. 1. The S-
shaped curve appears for the strongest component. In con-

trast, the concentration overshoot occurs for the weaker com-
ponents, which depends on the strength of the displacement
process.

The weaker components are simultaneously subject to the

adsorption and displacement processes in a fixed-bed column.
As a result, their breakthrough curves may be divided into the
two segments regarding the horizontal line Ct/C0 = 1 as a

boundary. The S-shaped and bell-like curves may express the
adsorption and displacement processes respectively according
to the curve characteristics of the weaker components. As

shown in Fig. 2, the superposition of the two curves is consis-
tent to the breakthrough curves of the weaker components.
Next, the main objective of this work is to find suitable math-
ematical functions to describe the S-shaped and bell-like

curves.

2.2. Model development

In general, the empirical models should have the simple math-
ematical forms, good fitting quality and less number of the
undetermined parameters (Hu et al., 2021). To obtain a good

fit, the distribution of the experimental data must approximate
the shape of the function curves (Harter, 1984). More param-
eters do not necessarily lead to higher fitting quality because

the goodness of fit is limited by the data scatter resulted from
the unavoidable experimental errors (Worch, 2012). Based on
the above experience, the logistic and Gompertz functions are
adopted to establish the empirical multicomponent break-

through models, which represent the symmetric and asymmet-
ric S-shaped curves respectively. The two parameters k and s
are selected to reduce the complexity of the curve fitting. The

introduction of the adjustable parameters to the two functions
can effectively regulate the curvature and position of the func-
tion curves. To facilely understand the role of the parameters k

and s, the logistic and Gompertz functions are written as.

y ¼ 1

1þ exp½kðs� xÞ� ð1Þ

y ¼ expf�exp½kðs� xÞ�g ð2Þ
A crucial characteristic of Eqs. (1) and (2) is that the

parameter k influences the degree of curvature alone and the

parameter s only affects the position of the function curves.
It is well known that the first-order derivatives of the logistic
and Gompertz functions are the symmetric and asymmetric
bell-like curves respectively, which are expressed as.

dy

dx
¼ k � exp k s� xð Þ½ �

1þ exp k s� xð Þ½ �f g2 ð3Þ

dy

dx
¼ k � exp �exp k s� xð Þ½ �f g � exp½kðs� xÞ� ð4Þ

It is important to note that.Z þ1

�1

k � exp k s� xð Þ½ �
1þ exp k s� xð Þ½ �f g2 ¼ 1 ð5Þ

Z þ1

�1
k � expf�exp½kðs� xÞ�g � exp½kðs� xÞ� ¼ 1 ð6Þ

One can readily see that the two integral values are identi-
cally equal to unity and they are not related to the parameters
k and s. Thus, the first-order derivatives of the logistic and



Fig. 1 Schematic diagrams of the breakthrough curves in (a) binary and (b) ternary adsorption systems.

Fig. 2 Schematic diagrams of the superposition of the two curves: (a) symmetric and (b) asymmetric.
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Gompertz functions can reflect the strength of the displace-
ment process in a multicomponent system. To simultaneously

describe the adsorption and displacement processes for the
weaker components, let y + dy/dx = Ct/C0, x = t, then
the empirical multicomponent breakthrough models are

expressed as.

Ct

C0

¼ 1

1þ exp k s� tð Þ½ � þ
c � k� � exp k� s� � tð Þ½ �
1þ exp k� s� � tð Þ½ �f g2 ð7Þ

Ct

C0

¼ expf�exp½kðs� tÞ�g þ c � k� � expf�exp½k�ðs�

� tÞ�g � exp½k�ðs� � tÞ� ð8Þ
where C0 (mg L�1) and Ct (mg L�1) are the influent and efflu-

ent concentrations respectively; k (min�1), k* (min�1), s (min)
and s* (min) are the adjustable parameters; and c reflects the
strength of the displacement process (dimensionless).

The empirical multicomponent breakthrough models estab-
lished by the logistic and Gompertz functions only contain five
parameters, and their values are easily obtained by the nonlin-

ear regression. On the other hand, Eqs. (7) and (8) can be also
used to predict the breakthrough curve of the strongest com-
ponent when the parameters k*, s* and c are equal to zero.

2.3. Equilibrium loading

The accurate estimation of the equilibrium loading is the basis

for calculating other process parameters such as the contami-
nant removal efficiency and length of mass-transfer zone
(Gupta and Garg, 2019). The equilibrium loading of each com-
ponent is obtained by integration of the measured break-

through curves. As shown in Fig. 3, the equilibrium loading
of component 1 is proportional to the area A minus the over-
shoot area OS, while that of component 2 is proportional to

the area A1 plus the area A2. The equilibrium loadings of com-
ponent 1 and component 2 are given as (Worch, 2012).

q1 ¼
vC0;1

1000m
A1 �OSð Þ

¼ vC0;1

1000m

Z t1

0

1� Ct;1

C0

� �
dt� v1C0;1

1000m

Z ttotal

t1

Ct;1

C0

� 1

� �
dt

ð9Þ



Fig. 3 Graphical representation of the adsorbed amounts in a

binary system.
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q2 ¼
vC0;2

1000m
A1 þ A2ð Þ ¼ vC0;2

1000m

Z ttotal

0

1� Ct;2

C0

� �
dt ð10Þ
where q1 (mg g�1) and q2 (mg g�1) the equilibrium loadings of
component 1 and component 2 respectively; v (mL min�1) is
Fig. 4 Effects of the parameter k on breakthrough curve
the flow rate; m (g) is the mass of the adsorbent in the column;

and ttotal (min) is the total operating time.
According to algorithm of the definite integral, Eq. (9) and

(10) are reorganized to.

qi ¼
vC0;i

1000m

Z ttotal

0

1� Ct;i

C0

� �
dt ð11Þ

where i represents the subscript of different components for a
multicomponent adsorption system (i = 1, 2, 3. . .).

Substitution of Eqs. (7) into (11) leads to.

qi ¼
vC0;i

1000m

1

ki
ln

1þ exp kisið Þ
1þ exp ki si � ttotalð Þ½ � þ

ci

1þ exp k�i s
�
i

� �
(

� ci

1þ exp k�i s�i � ttotalð Þ� �
)

ð12Þ

Substitution of Eqs. (8) into (11) leads to.

qi ¼
vC0;i

1000m
ttotal �

Z ttotal

0

expf�exp½kiðsi � tÞ�gdt
�

þci � exp �exp k�i s
�
i

� �� �� ci � expf�exp½k�i ðs�i � ttotalÞ�g
	ð13Þ

The undetermined coefficients ki, si, ki*, si* and ci can be
obtained by the nonlinear regression method according to

Eqs. (7) and (8). The respective equilibrium loading of the mix-
tures is then determined under the specific operating condi-
s before and after superposition (k1 < k2 < k3 < k4).
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tions (v, C0 and m) according to Eqs. (12) and (13). Although

the definite integral
R ttotal
0

expf�exp½kiðsi � tÞ�gdt is not inte-

grable in the time range [0, ttotal] since the function y = exp(

�exp(�x)) has no corresponding primitive function, the inte-
gral value can be easily obtained by int command of
MATLAB software without complex program code.

3. Results and discussion

3.1. Curve characteristics

It can be clearly seen from Fig. 4a and c that the S-shaped
curves for different k values are depicted by Eqs. (1) and (2)

respectively, while the bell-like curves are depicted by Eqs.
(3) and (4) respectively. To concisely report this work, the
effects of other parameters s, k*, s* and c on the multicompo-

nent breakthrough curves refer to Supplementary material
(Figs. S2–S5). The logistic function (Eq. (1)) gives the symmet-
ric S-shaped curves that pass through one fixed point (s, 0.5).
In contrast, the Gompertz function (Eq. (2)) provides the
asymmetric S-shaped curves that pass through one fixed point
(s, e�1). These curves become steeper with the increase in k val-
ues, implying more favorable adsorption. The position of the

fixed points will rise after superposition. The change in the
Fig. 5 Breakthrough curves and residual plots of n-butyl acetate and

(8).
adjustable parameters k, s, k*, s* and c can provide different
types of the breakthrough curves, which may describe the dif-
ferent multicomponent adsorption systems.

3.2. Modeling of multicomponent adsorption

In this work, three binary and four ternary adsorption systems

are employed to adequately validate the applicability of the
two empirical multicomponent breakthrough models (Eqs.
(7) and (8)). To concisely report this work, we mainly discusses

adsorption of n-butyl acetate and p-xylene on granular acti-
vated carbon in a binary system (Sui et al., 2019) and adsorp-
tion of parachlorophenol, phenol and furfural on activated

carbon in a ternary system (Sulaymon and Ahmed, 2008). It
is observed from Figs. 5 and 6 that the fitting curves agree well
with the experimental data. The residual plot is an important
tool for the regression diagnostics and can provide a visual

representation of the fitting quality (Hu et al., 2020). It is evi-
dent that all of the residuals are distributed randomly and fall
in a narrow horizontal band for the two systems. As shown in

Table 1, the coefficients of determination (R2) are more than
0.997 in the two cases. Hence, Eqs. (7) and (8) provide a good
description for the two multicomponent adsorption systems.

According to Supplementary material (Figs. S6–S13), the fit-
p-xylene binary system (0.60 Ndm3 min�1): (a) Eq. (7) and (b) Eq.



Fig. 6 Breakthrough curves and residual plots of parachlorophenol, phenol and furfural ternary system: (a) Eq. (7) and (b) Eq. (8).

Table 1 Fitting results of binary and ternary fixed-bed adsorption systems.

Models Adsorbate k (min�1) s (min) k* (min�1) s* (min�1) c R2

Logistic n-butyl acetate 2.38 � 10�2 341 1.45 � 10�2 455 94.5 0.999

p-xylene 1.43 � 10�2 389 0 0 0 0.998

Gompertz n-butyl acetate 1.37 � 10�2 292 1.25 � 10�2 453 85.3 0.999

p-xylene 1.00 � 10�2 343 0 0 0 0.999

Models Adsorbate k (s�1) s (s) k* (s�1) s* (s�1) c R2

Logistic Parachlorophenol 7.93 � 10�3 2817 1.71 � 10�3 3727 962 0.997

Phenol 2.59 � 10�3 3640 1.56 � 10�3 5547 591 0.999

Furfural 1.37 � 10�3 5425 0 0 0 0.999

Gompertz Parachlorophenol 4.97 � 10�3 2806 1.13 � 10�3 3379 1090 0.999

Phenol 1.46 � 10�3 3357 1.05 � 10�3 5151 715 0.999

Furfural 8.81 � 10�4 4888 0 0 0 0.998
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ting curves pass through the experimental data with few devi-
ations. It is proved that Eqs. (7) and (8) can describe different

types of the multicomponent adsorption systems with the high
fitting accuracy, including the gas–solid and liquid–solid
adsorption. On the whole, the fitting curves provided by Eq.

(8) can more accurately describe the experimental data, and
all of the residuals fall in a narrower horizontal band. Thus,
Eq. (8) has better fitting performance than Eq. (7). This phe-

nomenon suggests that the breakthrough curves are usually
asymmetric for adsorption of each component in a multicom-
ponent system. This asymmetric breakthrough curve is mainly

attributed to the three aspects (Hu et al., 2021): (i) The adsor-



Prediction of breakthrough curves for multicomponent adsorption 7
bent consists of two or more constituents of unequal reactivity;
(ii) the breakthrough curve corresponds to the two different
adsorption mechanisms; and (iii) the intraparticle diffusion is

the rate-controlling step.

3.3. Comparison and novelty

As mentioned above, the empirical breakthrough models pro-
posed in this work have the ability to describe various multi-
component adsorption systems, showing smaller R2 values

and randomly distributed residuals. Compared with the fitting
results in the original literature, this work provides either smal-
ler R2 values or better fitting curves. That is, Eqs. (7) and (8)

provide comparable or better fitting performance for the mul-
ticomponent adsorption. The model parameters (k, s, k*, s*
and c) may be regarded as the lumped parameters that embed
some physical processes and operating features. In principle,

the coupled partial differential equations require the use of
the numerical simulation to solve the breakthrough curves
under different initial and boundary conditions. Many experi-

mental parameters need to be collected such as the column
parameters, initial operating conditions, bed voidage and
adsorbent density. The experimental workload is large and cal-

culation process is very complicated. This simulation method
is greatly limited in the practical application. The two empiri-
cal breakthrough models have the simple mathematical forms,
limited number of the model parameters and good fitting qual-

ity. Eqs. (7) and (8) are established by the superposition of the
logistic and Gompertz functions and their first-order deriva-
tives respectively. The primitive function and its first-order

derivative reveal the adsorption and displacement processes
respectively. The model parameters ki, si, ki*, si* and ci are
directly obtained by the nonlinear regression rather than the

complicated numerical solution. The equilibrium loading is
easily calculated when the five model parameters are known.
Compared with the coupled partial differential equations, the

experimental and calculated workload will decrease largely.
The two empirical models are successfully applied to the
gas–solid and liquid–solid adsorption by adjusting the model
parameters.

4. Conclusions

This work establishes the two empirical multicomponent breakthrough

models based on the logistic and Gompertz functions. They have the

simple mathematical forms, limited number of the model parameters

and good fitting performance. The two empirical models provide smal-

ler R2 values and randomly distributed residuals for description of

three binary and four ternary adsorption systems, including the gas–

solid and liquid–solid adsorption. The model parameters ki, si, ki*,
si* and ci are regarded as the lumped parameters that embed some

physical processes and operating features. Eqs. (12) and (13) give the

quantitative calculation of the equilibrium loading for each component

in a multicomponent system. The model parameters and equilibrium

loading are easily obtained by Origin and MATLAB software. This

work may be expected to provide an alternative method for prediction

of the multicomponent breakthrough curves.
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