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Vapour generalized liquids hydrodynamics plays a pivotal role in the absorption columns or design of dis-
tillation using structured packing since they indomitable the fluid dynamics restrictions of the columns
and control rates of mass balance which is the main purpose of this particular work. Particularly, a first
attempt is made regarding this work to explore an investigation for time-dependent thin film flow of
Cross nano-liquid over a moving surface. Additionally, some physical aspects during this illustration in
terms of heat absorption/generation, thermal radiation, magnetic field, non-constant thermal conductiv-
ity, and activation energy with chemical reaction are studied. Some of the suitable similarity variables are
introduced to convert the leading problem in the form of ordinary differential equations and then the
transformed problem is approximated by one of the built-in collocation methods by using MATLAB.
Very interesting results in terms of monotonic reduction in the film thickness for various uplifting values
of unsteadiness and magnetic parameters and vice versa for the Wessenberg number are found.
Moreover, temperature and concentration are concluded as enhancement functions of variable thermal
conductivity and activation energy, respectively. The last comparative work is presented to validate
the entire approach and where the method shows an excellent correlation with the previously published
results.
� 2023 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Fluid flow phenomenon is not ignorable due to its numerous
uses in daily practices. Its significance attracts many users to the
scientific exploration of the liquid flow phenomenon. We can apply
these fluids in many disciplines like industries, metallurgical, engi-
neering, mining, chemicals, and civil engineering. Fluids are further
classified as Newtonian and non-Newtonian. In these disciplines,
many researchers (Sakiadis, 1961; Crane, 1970) reported the
importance of Newtonian fluid flow over moving surfaces. Cur-
rently, generalized Newtonian fluids (GNF’s) have gained huge sig-
nificance amongst researchers on account of their remarkable
practicality, chemical, technological appliances, and industrial sec-
tors. The GNF’s (Bird et al., 1976; 1987) explored the viscosity as
shear dependent as a result of which a new constitutive relation
is defined by making reforms in Newton’s law of viscosity to the
description for the viscosity change with changing shear rate.
The most common type of the GNF’s is the power-law fluid
(Hassanien et al., 1998), which proposes the simplest representa-
tion of the shear-thickening/thinning behaviors of numerous liq-
uids. (Horrigue and Abbas, 2020) provided an explanation of the
Fractional-Order Thermo-elastic wave assessment in a two-
dimensional Fiber-Reinforced Anisotropic material. In a two-
dimensional media with voids, (Hobiny and Abbas, 2020) investi-
gated the assessment of fractional-order thermo-elastic waves.
(Wang et al., 2022) numerical analysis of the melting and entropy
generation of the infinite shear rate Carreau model over the Riga
plate with unpredictable thickness. The tilted magnetized and
energy transmission aspects of the Carreau nano-fluid with infinite
shear rate viscosity model were explored by (Shah et al., 2022).
(Ayub et al., 2022) investigated the magnetized Carreau nanofluid’s
infinite shear rate viscosity and heat transfer.

However, the massive application of non-Newtonian fluids in
engineering and industry attracts many researchers to analyze
the significance of such materials. Particularly, the uses of non-
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Nomenclature

C,n material constants
(x,y) Cartesian coordinates
Us surface velocity
V velocity vector
(u,m) components of velocity
q fluid density
g variable with no dimension
F dimensionless stream function
(qw,jw) heat and mass fluxes at the wall
mf kinematic liquid viscosity
t time
p the pressure
k(T) thermal conductivity
T temperature of the fluid
(T0,Ts) The slite reference temperatures
a stretching parameter
r stepan Boltzman constant
b film thickness
C nanoparticle volume friction
h(t) hight of thickness
(C0,Cs) The slite reference concentrations
Ue stagnation velocity
DB Brownian diffusion coefficient
DT thermophoresis diffusion coefficient
w stream function

h dimensionless temperature
u dimensionless concentration
sw shear stress at wall
d chemical reaction parameter
Cp specific heat
B0 applied magnetic field
Cf skin friction related coefficient
a liquid thermal diffusivity
l liquid dynamic viscosity
K chemical reaction constant
A time parameter
Nux local Nusselt number
Shx local Sherwood number
We Wessenberg number
c time constant
s ratio parameter
k1 heat generation/absorption
Ha magnetic parameter
Ea Activation energy parameter
Pr Prandtl number
Sc Schmidt number
Nb Brownian motion parameter
Na thermophoresis parameter
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Newtonian fluids in our daily life are in the form of honey, paints,
blood, and toothpaste. Many mathematical models have been cre-
ated to predict some aspects of such fluids in nature. Initially,
(Acrivos et al.,1960) and (Schowater, 1960) examined heat transfer
on a horizontal flat plate At the boundary layer, non-Newtonian
fluids flow as rapidly as possible. Cross fluid (Cross, 1965) is one
of the prominent subclasses of GNFs. In fact, this fluid is non-
Newtonian in nature. In order to characterize the surface layer con-
duct of Cross fluid, the axisymmetric flow of Cross fluid above a
radially on the move surface was initially observed by (Khan
et al., 2017). (Hayat et al., 2017) discussed the velocity and temper-
ature distributions during the Cross-fluid flow. Recently, the
Power-law fluids in the presence of Lorentz forces have been stud-
ied by several authors (Ayub et al., 2022; Shah et al., 2022; Rehman
et al., 2023).

(Choi, 1995) was the pioneer to introduce the term nano-fluid.
This new phenomenon has many advantages in the field of nan-
otechnology, but one of the most advantages in terms of enhance-
ment in the thermal conductivity of liquids is playing a vital role in
fluid flows. In this regard, (Buongiorno, 2006) discovered that
when nanoparticles are added, seven slip mechanisms emerge, as
a result, the nanoparticles and the base fluid move at the same
speed. He came to the conclusion in nano-fluid flow, where the pri-
mary slide effects are thermophoresis and Brownian diffusion.
(Khan and Pop, 2010) used computer techniques to study laminar
nano-fluid flow across a linearly stretched sheet and found compa-
rable results. In order to account for the impacts of internal heat-
ing, (Lin et al., 2015) investigated the flow and heat transmission
of MHD pseudo-plastic nano-fluid in a finite film over an unstable
stretching surface. (Khan et al., 2017) used nanoparticles to inves-
tigate chemical processes that have an impact on the generalized
Burgers fluid. Some scientists have reported the composite of tin
cobalt oxide nanoparticles with graphene oxide for the application
of RB5 dye degradation and the application as a fuel additive (Jamil
et al,. 2017; 2018; Khan et al,. 2018; Jamil et al,. 2018; 2021; Naz
et al,. 2022). Unsteady Walter’s B nano-fluid flow on a vertical
2

cylindrical disk was studied by (Ahmad et al., 2022). Then, the
nanoscale energy transfer of inclined magnetized 3D hybrid nano-
fluid with the Lobatto IIIA scheme was explored by (Ayub et al.,
2021). Another very remarkable illustration of the flow of liquid
with the addition of heat and mass balance was explored by
(Shao et al., 2022). Studied the Homann flow of visco-elastic mate-
rials with the impact of novel microorganism as well as nanoparti-
cles during heat and mass transportation. The natural convective
flow of a magnetic hybrid nano-fluid in an altered porous trape-
zoidal enclosure was statistically analyzed by (Chabani
et al., 2022). The motion of Oldroyd-B nano-liquid with hydromag-
netic bio-convection via a porous stretched surface was studied by
(Ould Sidi et al., 2023). Many researchers, like (Ullah et al., 2023;
Wang et al., 2023; Jamil et al., 2023) are completed this type of
attempt to express its practicality.

The word Arrhenius energy was first time coined by Svante
Arrhenius. Activation energy is the amount of energy to initiate a
chemical reaction. This type of energy does not remain the same
for different chemical reactions even if it becomes sometimes zero
for particular reactions. The quantity of activation energy varies for
different chemical processes, even though sometimes it is zero.
Binary chemical reaction parallel with this kind of energy exists
in the heat and mass balance phenomenon and have practical
applications in the field of geothermal reservoir, chemical engi-
neering, food processing, and emulsion of various suspensions,
etc. In this regard, (Bestman, 1990) pioneered this type of chemical
reaction. In the presence of a chemical reaction and non-Darcian
and non-rigid, (Mohamed et al., 2009) examined the significance
of hydro-magnetic motion with the parallel movement of heat
and mass balance. In fractional order thermo-elastic media, the
plane deformation caused by heat source was explored by
(Kumar et al., 2013). (Lazaridis et al., 2014), where they reported
that a successful reaction with a certain non-zero probability will
be assumed reasonably. (Shafique et al., 2016) addressed that acti-
vation energy has the key component during the binary chemical
reaction. Another pioneering researcher (Hsiao, 2017) reported



Fig. 1. Thin film flow configuration.
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the same chemical reaction throughout the flow of viscous liquid
in the presence of the applied magnetic field. The use of this partic-
ular phenomenon contains the capability to promote economic
efficiency. (Mustafa et al., 2017) elucidated the magneto-
hydrodynamics flow over moving surfaces in the presence of Acti-
vation energy and Binary chemical reaction. Where they explored
zero mass flux conditions, while the heating transmission is
noticed in reduction conduct by improving the chemical reaction.
(Manzur et al., 2020) conducted a computational analysis of the
Falkner Skan flow of a chemically reactive Cross-nanofluid with
heat production or absorption. (Khan et al., 2018) approximated
the Casson nano-liquid flow by incorporating Activation energy
parallel with Binary chemical reaction in the presence of an irre-
versible process. Where the authors found that such energy is
required to perform the said chemical reaction. The most recent
investigation of Activation energy and chemical reaction is studies
by (Anjum et al., 2022) and (Bilal et al., 2022). Thermodynamic
analysis for bio-convection peristaltic transport of nanofluid with
gyrotactic motile microorganisms and Arrhenius activation energy
was performed by (Akbar et al., 2022).

The analysis of flow characteristics by considering the thin-film
phenomenon has had significant importance in different areas of
engineering and technology during the last few decades. However,
many well-known applications in the form of polymer and metal
extrusion, constant forming, fluidization of the devices, etc, are
noticed by considering the thin-film phenomenon. In this regard,
(Wang, 1990) was the first who reported that time depended on
the thin-film flow of liquid. (Anderson et al., 1996) elaborated on
the effect of thin-film fluid on non-linear stretching surfaces.
(Aziz and Hashim, 2010) reported the impact of viscous dissipation
with general surface conditions during the thin film liquid flow.
(Aziz et al., 2011) explored the significance of internal heating,
while describing the thin-film flow over a moving surface.
(Bachok et al., 2012) and (Xu et al., 2013) addressed the finite
thin-film concept with heat balance during the moment of the sur-
face of configuration. Theoretical examination of thermal damage
to skin tissue brought on by powerful moving heat source
(Hobiny and Abbas, 2018). The fractional transient heating that
occurs inside the skin tissue during thermal treatment was the
subject of an analytical investigation by (Ghanmi and Abbas,
2019). The effects of magneto-hydrodynamic flow through a verti-
cal plate with varying surface temperatures were investigated by
(Abbas et al., 2010). The free convection MHD flow with heat radi-
ation from an abruptly starting vertical plate was studied by
(Palani and Abbas, 2009). (Lin et al., 2014) discussed the MHD
thin-film and heat transfer of power-law fluids over an unsteady
stretching sheet with variable thermal conductivity. Using a
second-grade fluid with variable thermal conductivity, (Haider
et al., 2021) investigated energy transference in time-dependent
Cattaneo-Christov double diffusion. (Li et al., 2016) examined the
heat generation and thermo-phoresis characteristics of an unstable
magneto-hydrodynamics (MHD) thin-film fluid flow over a finite
thin sheet and nano-fluid radiation heat transfer.

To overcome, the unexplored physical phenomenon, Cross fluid
thin film flow is carried out in this particular work. Additionally,
thin film Cross liquid flow is analyzed with combined effects of
the magnetic field, heat generation, thermal radiation, variable
thermal conductivity, and Activation energy. Both mass and heat
balance aspects are deliberated in the presence of Brownian
motion and thermophoresis phenomena. The key outcomes are
illustrated by implementing one of the collocation methods in
MATLAB.

The entire work is organized as follows:
Section 2 presents the problem formulation with some assump-

tions and the transfer of mass and heat with the flow is also part of
the subsections. In Section 3, similarity-related variables are
3

defined for the conversion of PDEs to ODEs. Sections 4 and 5 pre-
sent the whole analysis in the form of ODEs. Section 6 presents
the practical quantities related to the whole analysis. Section 7,
is about to present the numerical scheme as employed for finding
the numerical solution. Section 8 presents the results and discus-
sion of the entire work. In section 9, a comparison with previous
work is presented. In the last section 10, a brief conclusion is pro-
vided with some novel findings.

2. Problem formulation

Let us assume that the flow of Cross nano-fluid over an electri-
cally condensing moving surface. Here, in this study, the surface is
configured with a thin film concept as shown in Fig. 1, with film
thickness h(t). Where a narrow slit starts from the origin in terms
of Cartesian coordinates. The surface is moved with the influence
of the transient velocity, u ¼ Us ¼ ax

1�ct at v ¼ 0, where a and c are
constants. The slit reference temperature is considered in the form
of T0, C0; and Ts, Cs, respectively. By taking into concentration the
magnitude field normal to the surface, while the neglected the
induced magnitude field due to the following low Reynolds num-
ber theory.

2.1. Flow analysis

In order to investigate about the motion of the liquid model
introduced by (Aziz et al., 2011; Manzur et al., 2020) is further
explored by plugging the following velocity vector;

V
!
¼ u x; y; tð Þ; v x; y; tð Þ; 0½ �: ð1Þ
The newly formulated problem is then displayed below:

@u
@t

þ u:
@u
@x

� �
þ v : @u

@y

� �
¼ � 1

q
:
@p
@x

� �
þ mf :

@

@y

@u
@y

1þ ½C: @u
@y

� �
�
n

2
64

3
75

þ r
qf

:B2
0:ðUs � uÞ: ð2Þ

Subjected the BC’s

u ¼ Us ¼ a:x
1� c:t

; v ¼ 0; at y ¼ 0;
@u
@y

¼ 0; v ¼ dh
dt

at y

¼ h: ð3Þ
2.2. Heat and mass transfer analysis

In order to explore the significance of nano-fluid, variable ther-
mal conductivity, thermal radiation, heat generation/absorption,
and activation energy during the thin film flow of Cross fluid, we
need to use the temperature and concentration fields in the follow-
ing way.

½T ¼ T x; y; tð Þ;C ¼ C x; y; tð Þ�: ð4Þ
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Substitution of the above equation, we arrived to formulate the
energy and concentration equations in the following way and as
expressed by (Aziz et at, 2011).

@T
@t þ u: @T

@x

� �þ v : @T
@y

� �
¼ 1

qcð Þf :
@
@y kðTÞ @T

@y

� �
þ DB:s: @C

@y :
@T
@y

� �
þ

DT
T1

� �
:s: @T

@y

� �2
þ Q :ðT�T1Þ

qcð Þf � 1
qcð Þf :

@qr
@y

� �
2
64

3
75; ð5Þ

@C
@t þ u: @C

@x

� �þ v : @C
@y

� �
¼ DB:

@2C
@y2

� �
þ DT

T1
: @2T

@y2

� �
þ

Kc
2: C � C0ð Þ: T

T0

� �n
:exp � Ea

kðTÞ:T

� �
2
64

3
75; ð6Þ

where s ¼ qcpð Þn
qcpð Þf is the ratio of heat capacity of nanoliquid and base

liquid, kðTÞ and qr are the variable thermal conductivity and thermal
radiation coefficient, respectively, are expressed as:

kðTÞ ¼ ks: 1þ 2 :
T � T0

Ts � T0

� �
; ð7Þ

qr ¼ �4:r�

3:k�
@T4

@z
¼ � 16:r�

3:k�

� �
:
@

@y
T3:

@T
@y

� �
: ð8Þ

Associated BC’s are stated as:

T ¼ Ts;C ¼ Cs; at y ¼ 0;
@T
@y

¼ @C
@y

¼ 0; as y ¼ h: ð9Þ
3. Similarity analysis

To find the solution of Eqs.(2), (5), (6) with BC’s (3) and (9), we
need to first transform these into ODEs and then apply one of the
collocation techniques while using MATLAB. In this regard, the fol-
lowing local similarity variable is defined as:

u ¼ Us:f
0 gð Þ; v ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m:x

1� c:t

r
:f gð Þ; h gð Þ ¼ T � T0

Ts � T0
; / gð Þ

¼ C � C0

Cs � C0
; g ¼ y:

ffiffiffiffiffiffiffi
Us

mf x

s
; ð10Þ

where

Ts ¼ T0 þ T0:Us:x

m:ð1� c:tÞ12
; Cs ¼ C0 þ C0:Us:x

m:ð1� c:tÞ12
; ð11Þ

with film thickness

b tð Þ ¼ b0

1� c:tð Þ12
: ð12Þ
4. Flow analysis ODE’s

Thin film Cross fluid flow governing Eqs.(2) and (3), as the PDEs
are highly non-linear and which need to transform into ODEs. Thus
these PDEs are transformed into ODEs by using the local similar
variables defined through Eqs.(10)-(12), we get.

1þ 1� nð Þ We:f 00
� �nh i

:f 000 þ f :f 00 � f 02
h i

: 1þ We:f 00
� �nh i2

� A: f 0 þ g
2 :f

00� �	 

: 1þ We:f 00

� �nh i2
� H2

a : f
0� �
: 1þ We:f 00

� �nh i2
¼ 0;

ð13Þ
with BC’s are

f 0ð Þ ¼ 0; f 0 0ð Þ ¼ 1; f bð Þ ¼ A:b
2

; f 00 bð Þ ¼ 0: ð14Þ
4

4.1. Dimensionless parameters

The physical dimensionless quantity are listed as:
S. No
 Parameter
 Mathematical form
1
 Unsteadiness parameter (A)
 c
a

2
 Hartmann number (H2
a)
 rB0

2

qf a
3
 Wessenberg number(We)
 cCRe
1
2

4
 Reynolds number(Re)
 x:Us
mf
5. Heat and mass transfer analysis ODE’s

In a similar way, the PDEs of energy and concentration Eqs.(5)
and (6) along with BCs defined in Eq.(9), are transferred into ODEs
by using local similar variables defined through Eqs.(10)-(12). Thus
resulting local non-similar ODEs are given as;

d
dg f1þRd:f1þ hf �1

� �
:hg3g:h0

h i
þPr: f :h0 �2:f 0:h

� ��Pr: A
2

� �
: g:h0 þ3:hð Þ

þPr:Nb:h
0:u0 þPr:Nt:h

02þk1:Pr:hþ 2 :hð Þ:h00þ2 h02;

ð15Þ
u00 þ Pr:Le: f :u0 � 2:f 0:u0� �� Pr:Le: A2 : g:u

0 þ 3:uð Þ+
Nt

Nb

� �
:h00 � Pr:Le:r:u 1þ d:hð Þn:exp � E1

1� d:h

� �
¼ 0; ð16Þ

h 0ð Þ ¼ 1; u 0ð Þ ¼ 1; h0 bð Þ ¼ 0; u0 bð Þ ¼ 0: ð17Þ
5.1. Dimensionless parameters

The non-dimensional quantities are listed as:
S.
No
Parameter
 Mathematical
form
Radiation parameter (Rd)
 16r�Ts
3

3k�ks

Thermal ratio parameter (hf)
 Tf

Ts
Electrical conductivity(r)
 Kc
2

a

Chemical reaction energy
parameter(d)
ðTf�TsÞ
Ts
Activation energy (E1)
 Ea
kTs
1. ‘
 Prandtl number(Pr)
 mf
a

Thermal diffusivity ðaÞ
 ks
qcpð Þf
Brownian motion (Nb)
 CsDBs
mf
Thermophoresis parameter (Nt)
 DTs
mf
6. Engineering quantities

In order to scrutinize the impact of resistive forces, rate of heat,
and mass balance during the thin film flow of Cross liquid, we need
to approximate the subsequent quantities as:

(a) Skin friction

For the skin fraction, the coefficient Cf is defined as,
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Cf ¼ 2:sw
qf :U

2
s

; ð18Þ

where

sw ¼ g0:
@u
@y

1þ fC: @u
@y

� �
g
n

2
64

3
75

y¼0

; ð19Þ

By putting Eqs.(10)-(12) and (19) in Eqs.(18), we have

1
2
:Re

1
2:Cf ¼ f 00 0ð Þ

1þ We:f 00 0ð Þ� �n ; ð20Þ

where Re ¼ x:Us
mf

.

(b) Local Nusselt number

To approximate rate of heat, transfer, we need to define the
local Nusselt number as below:

Nux ¼ x:qr

k:ðTs � T0Þ jy¼0 � x
Tf � T0

:
@T
@y

� �
y¼0

: ð21Þ

By plugging Eqs.(10)-(12) in to Eq.(21), we have

Re�
1
2:Nux ¼ � 1þ Rd: 1þ hf � 1

� �
:h

� �3
:h0 0ð Þ

h i
þ x:qw

k: Tf � T0
� � : ð22Þ

(c) Local Sherwood number

To determine the mass transfer rate during the thin film Cross
liquid flow, we need to defined Sherwood number as below:

Shx ¼ � x
Cf � C0

:
@C
@y

� �
y¼0

: ð23Þ

Then by utilizing Eqs. (10)-(12) into Eq.(23), we have

Re�
1
2:Shx ¼ �u0 0ð Þ: ð24Þ
7. Applied numerical scheme

In this section, the numerical approach is explained along with
its procedures for the present problem considered in terms of the
thin film flow of Cross nano-liquid. However, more physical deter-
ministic effects are being assumed in the presence of non-variable
thermal conductivity, magnetic field, AE with BCR and heat gener-
ation are embedded in the leading equations. The resulting equa-
tions create complexities during its exact solution and required
more time for analytical findings. The numerical scheme imple-
mentation requires the problem as a system of first order ODEs,
together with surface and for away constraints. The built-in collo-
cation formula in MATLAB can be applied with default fourth order
accuracy in the specified interval. However, the proposed numeri-
cal scheme is basically using the finite difference approach for the
modification of initial guess and the entire method based on the
three-stage Lobatto relation. The basics procedures are listed as
below:

v1 ¼ f ; v2 ¼ f 0; v3 ¼ f 00; vv1 ¼ f 000; ð25Þ

v4 ¼ h; v5 ¼ h0; vv2 ¼ h00; ð26Þ

v6 ¼ u; v7 ¼ u0; vv3 ¼ u00; ð27Þ
5

vv1 ¼
� v1v2 � v2

2

� �
1þ Wev3

� �n� �2

1þ 1� nð Þ Wev2

� �n� �

þ
A v2 þ g

2v3

� �
1þ Wev3

� �n� �2

1þ 1� nð Þ Wev2

� �n� �

þ
H2

av2 1þ Wev3

� �n� �2

1þ 1� nð Þ Wev2

� �n� � ; ð28Þ

d
dg

f1þ Rdf1þ hf � 1
� �

v3
4gv5

� �þ Pr v1v5 � 2v2v4

� �
� Pr

A
2

� �
gv15þ 3v4

� �þ PrNbv5v7 þ PrNtv2
5 þ k1Prv4

þ 2 v5

� �
vv2þ 2 v2

5 ¼ 0; ð29Þ

vv3 ¼ �PrLe v1v7 � 2v2v6

� �þ PrLe
A
2
ðgv7 þ 3v6Þ�

Nt

Nb
vv2 þ PrLerv6ð1þ dv4Þnexp � E1

1� dv4

� �
: ð30Þ

With BC’s are

v1 0ð Þ ¼ 0; v2 0ð Þ ¼ 1; v1 bð Þ ¼ Ab
2 ; v3 bð Þ ¼ 0;

v4 0ð Þ ¼ 1; v6 0ð Þ ¼ 1; v5 bð Þ ¼ 0; v7 bð Þ ¼ 0:
ð31Þ
8. Results and discussion

This section includes a discussion of the new results approxi-
mated during the modification in terms of the thin film aspect,
while considering the flow equations developed by (Manzoor
et al., 2020). The leading parameters regarding the thin film flow
over a moving boundary produces significant impacts on Cross liq-
uid velocity, temperature, and concentration. Furthermore, effec-
tive new parameters during this particular flow are also tested,
while approximating the behavior of thin film thickness b. Many
other parameters, like the Wessenberg number ðWeÞ, Hartman
number ðHaÞ, variable thermal conductivity ð2Þ, thermal radiation
parameter ðRdÞ, heat generation/absorption parameter ðk1Þ, electri-
cal conductivity ðrÞ and activation energy parameter E1 are inter-
preted during the plots and other outputs. Particularly, the liquid
velocity, temperature, and concentration results analysis are per-
formed to enhance the quality of the entire work.

To elaborate on the importance of each leading flow parameter,
we need to fix the other parameters in the form of
We ¼ 0:2;A ¼ 1:5 and Ha ¼ 0:2, on the other hand, to describe
the thermal and concentration features for fixed parameters,
We ¼ 3:0;A ¼ 1:5;Nb ¼ 0:2;Ha ¼ 0:2;Nt ¼ 0:5; Pr ¼ 1:2; k1 ¼ 0:5;
� ¼ 1:0; hf ¼ 1:1; E1 ¼ 1:0;Rd ¼ 2:0; Le ¼ 2:0; d ¼ 0:2;r ¼ 0:4 and
m ¼ 0:2.

Through Fig. 2, a variation in We, i.e., varying from 0.2 to 0.8
which produces escalation in the liquid velocity with parallel
monotonic uplifting variation in b. A very authentic reason is pro-
vided to explain this escalation in velocity in terms of enhance-
ment in the thermal relaxation time leads to improve the Cross
liquid velocity. The MBLT is reduced during this variation. A signif-
icant uplifting influence in the liquid velocity during the variation
in A is noted with parallel monotonic reductive variation in film
thickness as shown in the same Fig. 2. From practical point of view,
with such higher values in the said parameter making the buoy-
ance forces stronger as compared to the lower time parameter.
On the other hand, the film thickness is found with weaker demea-



Fig. 2. Impact of Wessemberg ðWeÞ, unsteadiness ðAÞ and Hartman ðHaÞ on velocity field f 0ðgÞ, respectively.
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nor. The liquid velocity is decreasing function of Ha as presented
through the aforementioned Fig. 2. In a physical sense, it is much
clear that whenever Ha is taken in higher order, the Lorentz forces
are uplifted and cause a reduction in the velocity. Fig. 3, is pre-
sented to show the impact of Nb on the temperature of the mate-
rial, whereas the temperature is escalated during this particular
flow. Physically, this is due to an increase in the Brownian motion
of the liquid particles which causes enhancement in heat transfer
from the lower surface to the upper region. The related TBLT is also
reducing during this variation. The same Fig. 3, also demonstrates
the impact of Nt on the temperature of the liquid with escalation.
From a physical point of view, whenever, an escalation in Nt is pro-
duced, the thermophoretic forces also increased which causes
more heat transfer in specific cases of the flow of liquid. The related
TBLT is noticed with higher conduct. In Fig. 4, the defect of Rd was
tested to show the nature of the liquid temperature with increas-
ing demeanor. In a physical sense, it is illustrated that whenever
radiation is increased during this particular flow, an escalation is
produced in the thermal properties of the liquid. In the same
Fig. 4, also illustrates the behavior of Pr on the temperature of
6

the liquid with reduction conduct. From a physical point of view,
if this quantity Pr is increased, the thermal conductivity is reduced
and which causes reduction in temperature. The related TBLT
increased during this flow. Through Fig. 5, a significant enhance-
ment in the temperature of the liquid particles is noticed during
the variation in k1. This increase in the heat source parameter
physically added more heat to the temperature domain. Through
the same Fig. 5 it is sketched to show the behavior of � on liquid
temperature with enrichment conduct. This is due to the increase
in the variable thermal conductivity in a direct way. Fig. 6 is inter-
preted to signify the impact of A on the temperature of the liquid. It
is obvious that when more time is given to the flow duration it
leads to reduce the temperature of the liquid. The increasing vari-
ation in hf on liquid temperature is demonstrated through the pre-
ceding said Fig. 6. Physically, these higher values of hf enhanced
the surface temperature and the liquid temperature remains lower
in comparison which causes enhancement in the temperature of
the liquid. Fig. 7 is plotted to demonstrate the behavior of liquid
concentration with reduction conduct while taking higher values
of Nb. This is due to the random motion of the liquid molecules



Fig. 5. Impact of heat generation ðk1Þ and variable thermal conductivity ð�Þ on temperature hðgÞ, respectively.

Fig. 3. Impact of Brownian motion ðNbÞ and thermophoresis ðNtÞ on temperature hðgÞ, respectively.

Fig. 4. Impact of radiation ðRdÞ and Prandtl ðPrÞ on temperature hðgÞ, respectively.
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Fig. 6. Impact of unsteadiness ðAÞ and temperature ratio ðhf Þ on temperature hðgÞ, respectively.

Fig. 7. Impact of Brownian motion ðNbÞ and thermophoresis ðNtÞ on concentration /ðgÞ, respectively.

Fig. 8. Impact of Lewis ðLeÞ and electrical conductivity (rÞ on concentration /ðgÞ, respectively.

L. Ahmad, M. Latif and S.M. Eldin Arabian Journal of Chemistry 16 (2023) 105264

8



Fig. 9. Impact of Prandtl ðPrÞ and activation energy ðE1Þ on concentration /ðgÞ, respectively.

Table 2
Local skin associated friction quantity table of the various parameters.

A We Ha b Re
1
2Cfx

1.0 3 0.2 3.5750 4.952713
1.5 2.2949 3.815798
2.0 1.6788 2.86247

3.5 4.0243 5.641008
4.0 4.4132 6.495281

0.6 4.5199 5.039086
0.8 3.4849 5.496822

Table 1
Eigenvalue of the film thickness.

A We Ha Film thickness(b)

1 3 0.2 3.5750
1.5 2.2949
2 1.6788

3.5 4.0243
4 4.4132
4.5 4.7538

0.4 3.5459
0.6 3.5199
0.8 3.4849

L. Ahmad, M. Latif and S.M. Eldin Arabian Journal of Chemistry 16 (2023) 105264
and which is corresponding to the decline in the nanoparticle’s
concentration. However, by enhancement in this parameter, a
reduction is observed inside the viscous dominant region during
the motion of the liquid and hence the results are reliable with
the predictable one. Additionally, due to enhancement in the inde-
cisive movement of the random in and out molecules of the viscous
region and in the free stream is the outcomes of the higher Nb.
Since the viscous region is relatively smaller than the non-
viscous region and which shows that some the nanoliquid mole-
cules enters in the non-viscous region will not may come out to
the viscous region. This is why a reduction in the viscous region
of the volume fraction is caused. The related CBLT is increased dur-
ing this variation. In Fig. 7, the uplifting behavior of Nt parameter is
introduced during the plotting of concentration fields. This physi-
cal significant result shows that whenever the thermophoretic
forces increase, more mass transferring from the surface has
occurred inside the boundary layer motion and where the results
are not consistent with the predicable one. Thermo-phoresis clues
a movement of the particles toward the cold region from a hotter
region. The forming of the gas dissipated projectile is one the appli-
cation as a result of the removing of small particles from the gas
streams. Fig. 8 illustrates a reduction behavior of variation in Le
on the concentration fields. Physically, the ratio of thermal diffu-
sivity to mass diffusivity defines the Lewis number and which indi-
cates that when this number is taken in increasing order, then
mass diffusivity decreased and this is why the concentration of
the liquid decreased. Fig. 8 is also configured to show the impact
of r on the concentration of the liquid with declining impact. This
is due to an escalation in the electrical conductivity enhancement.
Another physical impact of Pr on the concentration of the liquid is
portrayed in Fig. 9, where a reduction in the concentration is
noticed in this particular situation. This reduction in the concentra-
tion is due to the reduction in momentum diffusivity. Fig. 9 is also
portrayed to introduce increasing conduct of the liquid concentra-
tion during the variation in E1. Physically, the activation type
energy is that quantity of energy which is enough to make quickly
the chemical process of reaction during the motion of Cross liquid
and this is why more transferred of mass is occurred during this
particular boundary layer motion. In a practical sense, it is very
clear that whenever an enhancement is made in this particular
energy parameter, then a weaker temperature is observed. Thus,
the result is reliable with the predictable one and the relevant CBLT
is also an uplifting function of the aforementioned parameter.

In Table 1, an important reduction impact of film thickness is
noticed during the variation in We, Ha and A. The resistive forces
9

are escalated for the higher values of We, Ha, and vice versa for A
as shown in Table 2. Through Table 3, an uplift in the rate of heat
balance is occurred, while taking higher values ofWe, �, Nb, Nt, and
r, and decreasing in the rate of heat transfer is noticed with vari-
ation in the physical parameters, namely A and Rd. In the same
table, a declination in the mass transfer rate is noticed during the
variation in the A, k1, Nt, E1 and d. In this table, a higher rate of mass
transfer during the variation in the We, �, k1 and Nb is noted.
9. Comparison

In order to validate the entire results as determined during this
particular investigation, a limiting case validation with the pub-
lished work by (Wang, 2006 and Lit et al., 2016) is presented in
Table 4. In particular, the comparison is provided in terms of skin
friction with corresponding film thickness values. The entire vali-
dation shows an excellent correlation with the above-cited work
while solving the problem numerically defined through equations
(13–17).



Table 4
Comparison of the previous results for different values of S.

S 0.4 0.6 0.8 1.0 1.2

(Wang, 2006) b 5.1224900 3.1312500 2.1519900 1.5436200 1.1277800
f’’ (0) 1.3077850 �1.195155 �1.245795 �1.277762 �1.279177

(Li et al., 2016) b 4.981455 3.131924 2.152366 1.543592 1.127783
f’’ (0) �1.1340 �1.1950 �1.2460 �1.2780 �1.2790

Present outcomes b 5.065799 3.136360 2.159388 1.599634 1.153103
f’’(0) �1.133696 �1.195017 �1.245409 �1.271877 �1.274095

Table 3
Heat and mass balance rates for various parameters values.

A We Rd k1 e Nb Nt r E1 d b Re-1/2 Nux Re-1/2 Shux

1 3 1 0.5 1 0.2 0.5 0.4 1 0.2 3.5750 0.5880215 1.086652
1.5 0.4805448 1.065109
2 0.4077060 1.085763

3.5 0.5866644 1.191324
4 0.5876978 1.034337

1.5 0.4597303 1.086505
2 0.3601310 1.086388

�0.3 0.4920834 1.086939
�0.5 0.4711717 1.086999

1.2 0.6058031 1.086608
1.4 0.6220108 1.086567

0.3 0.5894588 1.120480
0.4 0.5908903 1.137393

0.6 0.5884394 1.066354
0.7 0.5888863 1.046055

0.5 0.5880386 1.093732
0.6 0.5880552 1.100734

1.2 0.5880072 1.080553
1.4 0.5879957 1.075715

0.3 0.5880159 1.083424
0.4 0.5880096 1.079787
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10. Conclusion

The entire new study was presented with new physical phe-
nomenon namely, thin film flow over a moving surface. But, this
new concept in the flow of time dependent Cross nanoliquid was
addressed with some more physical impacts in the form of mag-
netic field, variable thermal conductivity, thermal radiation, heat
generation/absorption and activation energy. However, for the
higher values of Wessenberg number the velocity of the liquid
was uplifted, while an opposite conduct was observed for Hart-
mann number. The film thickness was found in reducing conduct.
The temperature was observed in enrichment behavior for higher
values of Brownian motion and variable thermal conductivity
parameters. The Brownian motion parameter, was increasing
nanoparticle concentration and an opposite trend was observed
for thermophoretic parameter. The concentration of the liquid
was reducing function of activation energy parameter.
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