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Abstract This study examines the characteristics of the velocity, thermal field and entropy profiles

for hybrid nanofluid flow passing through a starching sheet with thermal radiation. The carbon

nanotube (SWCNT and MWCNT) are used as a nanoparticles with Cattaneo-Christov (CAC) heat

flux. Ethylene glycol is utilized as a base fluid in this case. To achieve an improved solution, the fluid

flow over the geometric properties is designed using highly non-linear PDEs, and the governing

equations must be converted into dimensionless non-similar equation systems using the highly effi-

cient well-known Keller-box scheme in computational software MATLAB. The practical feasibility

of these solutions is determined by the range of the controlling parameters. The velocity distribution

reduces as the magnetic parameter estimate increases, however, the temperature field and entropy

production increase as the magnetic parameter fluctuation esclates. As the slip parameter is
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Nomenclature

Symbols Name with SI Unit

u; vð Þ Components of velocity
x; yð Þ Spatial coordinates mð Þ
k�ð Þ Mean absorption coeffi

tð Þ Time of hybrid nanoflu
r�ð Þ Stefan Boltzmann cons
Tð Þ Temperature of surface

T0ð Þ Temperature of fluid Kð
W1ð Þ Velocity slip factor
qhnf
� �

The density of hybrid n

W0ð Þ Initial velocity paramet
Vwð Þ Porosity of sheet
qð Þ Density Kgm�3

� �
kð Þ Thermal conductivity W

�
khnf
� �

Thermal conductivity o
lhnf
� �

The viscosity of hybrid
lð Þ Dynamic viscosity Kgm

�
qCp

� �
Heat capacitance Jm��

qCp

� �
hnf

Heat capacity of hybrid
/1 ¼ /2ð Þ Nanoparticles volume

Prð Þ Prandtl number
Að Þ Unsteadiness parameter
Mð Þ Magnetic parameter
ðÞ Temperature gradient
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increased, the velocity field diminish. The thermal field is enhanced for rising the radiation param-

eter, and the entropy profile is boosted for increasing Brinkman parameter values. The findings of

this research might have a significant impact on industries where local cooling and heating via

impingement jets are needed in electronic devices, heat sinks, drying technologies, and so on. To

the best of the authors’ knowledge, this is the first effort to employ a hybrid nanofluid to analyze

entropy formation due to magnetohydrodynamics flow over a starching sheet.

� 2023 The Authors. Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
ms�1
� �

cient

id
tant
Kð Þ
Þ

anofluid Kg=m2
� �

er

m�1K�1
�

f hybrid nanofluid W=mKð Þ
nanofluid Pa=sð Þ
�1s�1

�
3K�1

�
nanofluid J=kgKð Þ
fraction

Sð Þ Mass transfer parameter

af
� �

Thermal diffusivity parameter
Grð Þ Thermal radiation parameter
Xð Þ Relaxation time parameter

kð Þ Velocity slip parameter
cð Þ Biot number
SWCNTð Þ Single-walled carbon nanotube

Cf

� �
Skin friction coefficient

Nuxð Þ Local Nusselt number
d&Bð Þ Column matrices

Jð Þ Row matrices
qwð Þ Wall heat flux Kð Þ
swð Þ Shear stress tensor Nm�2

� �
NGð Þ Dimensionless entropy generation

wð Þ Stream function
cð Þ Initial stretching rate
Fe3O4ð Þ Iron oxide (Ferro)

i&jð Þ Component of deformation rate
MWCNTð Þ Multi-walled carbon nanotube
lhnf Bð Þ� �

Hybrid plastic dynamic viscosity

Py

� �
Yield stress

p ¼ eijeij
� �

Product of deformation rate component
pcð Þ Critical value
1. Introduction

Nanoliquid is extremely crucial to researchers because of its increased

heat transfer rates, which have substantial technological and manufac-

turing applications. Hybrid nanofluids are a form of fluid in which two

or more metal particles are distributed in the base fluid. When con-

trasted to typical single-suspended fluids, this novel kind of nanofluid

has exhibited intriguing advances in heat-transmitting qualities, in

addition to thermo-physical and hydrodynamic properties. Hybrid

nanofluids have a wide variety of implimentations in heat transmis-

sion, including transport, engineering, and biomedical science. The

deferment of multiple nanomaterials in a base fluid mixture can be

exploited to generate a hybrid nanofluid. Most natural activities are

inextricably linked to nonlinearity, which is exceedingly difficult to

resolve. It frequently requires irregular answers utilizing diverse strate-

gies including numerical, approximation, or systematic ways to present

an appropriate solution to the problem. Choi (Choi and Eastman,

1995) developed the theory of nanofluid. Kang et al. (Kang et al.,

2006) introduced the new area of heat transfer and thermal conductiv-

ity is larger than that of single nanomaterials. The effects of a nano-

fluid along a curved channel containing nanoparticles and compliant

walls were examined by Nadeem and Maraj (Nadeem and Maraj,

2014). Shaiq and Maraj (Shaiq and Maraj, 2019) scrutinized the signif-
icance of a magnetic field on a curved surface using a carbon nanotube.

Maraj et al. (Maraj et al., 2018) studied the outcomes of nanoparticles

with nanofluid and viscosity of nanoparticles. Maraj and Nadeem

(Maraj and Nadeem, 2016) investigated the theoretical study of

nanofluids in the occurence of heat radiation and nanoparticles in a

channel. Maraj et al. (Maraj et al., 2022) introduced the MHD flow

of a hybrid nanofluid including heat radiation and nanoparticles

through a porous media. Li et al. (Li et al., 2020) developed the simu-

lation of nanofluids containing motile microorganisms with bioconvec-

tion. Farooq et al. (Farooq et al., 2021) studied the stagnation point of

nanoliquid in a rotating cylinder with an electromagnetic field. The

free convectional flowing of hybrid Maxwell-based nanofluid via a

channel generated by dual vertical plates has been recognized by

Ahmad et al. (Ahmad et al., 2020). Hussanan et al. (Hussanan et al.,

2020) estimated the enhancement of thermal transmission in non-

Newtonian viscous plastics dependent flow across a sheet. Ghalambaz

et al. (Ghalambaz et al., 2019) disclosed the movement and thermal

transport of hybrid nanofluid in a compound shaped covered through

a permeable Chanel. Thermal radiation has also performed a major

role in the regulation of the thermal transfer process in the polymer

industry. In a rotating phase, Chamkha et al. (Chamkha et al., 2019)

witnessed the thermal transfer and the magneto-hydrodynamic motion

of a hybrid nanofluid among two sheets. Waqas et al. (Waqas et al.,

http://creativecommons.org/licenses/by/4.0/


Modeling and computational framework of radiative hybrid nanofluid 3
2023) investigated the thermal transfer of the hybrid nanofluid through

the numerical computational impact. Aziz et al. (Aziz et al., 2021)

investigated Powell–Eyring water nanofluid, stream, convection ther-

mal transfer, and volumetric entropy production. Zainal et al.

(Zainal et al., 2020) investigate the flowing and thermal transmission

kinds with a base of water nanofluid Al2O3 � Cuð Þ on a sheet. Rosca

et al. (Ros�ca et al., 2020) provided the application of mathematical

results for problems with the viscous kinematics flow of hybrid

nanoparticles over a porous, non-linear, stretching sheet with a non-

linear thermal radiation effect. The flow of a nanofluid in the occur-

ence of nanoparticles and heat transfer was scrutinized by Muhammad

et al. (Muhammad et al., 2021). Muhammad et al. (Muhammad et al.,

2021) observed the numerical structure of a hybrid nanofluid consist-

ing of nanoparticles and base fluid flowing past a curved sheet.

Muhammad et al. (Muhammad et al., 2021) looked at the mixed con-

vective flow of a hybrid nanofluid that included heat radiation and a

carbon nanotube. Muhammad et al. (Muhammad et al., 2021) investi-

gated the heat transfer of nanofluids and hybrid nanofluids across por-

ous media. Hayat et al. (Hayat et al., 2021) explored hybrid nanofluids

formed by combining convective and entropy production over a sheet.

MHD focuses on the magnetic properties of electrical current fluids,

like salt water, fluid metals, plasmas, and electrolytes. Magnetic fields

can generate the force of Lorentz in a spinning fluid. It reduces the

mobility of liquids and increases the concentration and temperature

of nonmaterial. The role of the electromagnetic field is also important

in the delayed separation of boundary layers MHD is also important in

fields such as drug storing, manufacturing, mechanics, chemistry, and

iron and steel, where it is used to treat cancer, asthma, cardiovascular,

gastric drugs, electrodynamics cell division, optical transposable ele-

ments, magnetic properties resonance, copper wire stiffening, and opti-

cal devices. Nasir et al. (Nasir et al., 2020) compared the importance of

heat transfer and thermal production/absorption of a stable MHD

stagnation point water-base dater-based nanofluid over the cylinder.

Tian et al. (Tian et al., 2021) identified the mixed convective thermal

transmission as a combination of forced and natural convection. Bis-

was et al. (Biswas et al., 2021) illustrated an approach to improve ther-

mal transport via porous materials subjected to thermal radiation

during the MHD flow of the Al2O3 � Cuð Þ nanofluid. Daniel et al.

(Daniel et al., 2019) studied the importance of MHD flow with convec-

tive properties of nanofluid. Daniel et al. (Daniel et al., 2017) intro-

duced the thermal radiation influence of MHD and hybrid

nanofluids. Daniel and Daniel (Daniel and Daniel, 2015) scrutinized

the significance of heat radiation on a sheet-based MHD flow nano-

fluid. Daniel et al. (Daniel et al., 2017) analyzed the significance of

entropy framework of nanofluid flow with heat radiation. Daniel

et al. (Daniel et al., 2018) studied the upshot of MHD on hybrid nano-

fluid flow past through a variable thickness sheet. Daniel et al. (Daniel

et al., 2017) introduced the nanofluid framework using MHD flow and

stretch geometry heat transfer calculations. Using a chemical reaction

sheet, Daniel et al. (Daniel et al., 2019) observed the effect of MHD

with heat transfer in nanofluid.

The current research’s main goal is to assess the relevance of a

Ferro-based hybrid nanofluid including nanoparticles such as

(SWCNT, MWCNT, and Fe3O4) and the base fluid ethylene glycol

across a stretched sheet. The thermal radiation and Cattaneo-

Christov (CAC) heat are applied to the current flow problem. To

obtain the numerical and graphical results of the current investigation

we use Bvp4c solver with the Keller box approach in the computa-

tional tool MATLAB. The different graphical outcomes are generated

to deliberate the physical trend of prominent physical flow parameters

via momentum profile, thermal profile, and entropy generation profile.

The velocity field diminshies with rising magnetic parameter estima-

tions, but the thermal field escalates with growing magnetic parameter

values. The increasing variations of the velocity slip parameter declined

the velocity profile and increased the thermal distribution profile. The

current investigation can be expanded in the future to incorporate ther-
mal radiation, entropy production, thermal conductivity, Cattaneo-

Christov heat flow theory, and chemical processes. Moreover, the char-

acteristics mentioned above might be added to other non-Newtonian

models to examine their influence. There is always the possibility of

carrying out practical examinations of such theoretical research. Fur-

thermore, as a recommendation for future research in these domains,

physical characteristics like density, viscosity, thermal conductivity,

and so on are temperature dependent, which occurs when there is a

considerable temperature differential inside the fluid.

2. Mathematical description

The flow of a two-dimensional hybrid nanofluid with thermal
radiation and Cattaneo-Christov heat flux across a starching
sheet was assumed in the current investigation. We also cov-

ered the consequences of entropy creation and slip effects in
this section. Here we use the Ethylene Glycol EGð Þ base fluid
SWCNT;MWCNT;Fe3O4ð Þ as nanoparticles. Hybrid nano-

fluid flow is developed by stretching a sheet with

B tð Þ ¼ B0ffiffiffiffiffiffiffiffi
1�-1

p
� �� �

magnetic field strength embedded. The mag-

netic field is applied in the transverse direction of the surface.

The velocity of the fluid is low due to the occurence of a mag-
netic field, hence the Ohmic dissipation and joule heating

impacts are ignored. Here 1
1�-t

� �
-t < 1

� �
is effective stretching

rate and cð Þ indicates the initial stretching rate. Fig. 1a depicts
the geometry of flow model.

The hybrid plastic dynamic viscosity is symbolized

by lhnf Bð Þ� �
, the yield stress denoted by Py

� �
, i&jð Þ are compo-

nent of deformation rate, p ¼ eijeij
� �

which is a product of

the deformation rate component and critical value pcð Þ.
The key assumptions of the current flow model are listed

here:

� The problem of the two-dimensional hybrid nanofluid flow
with thermal radiation is studied.

� The SWCNT � Fe3O4;MWCNT � Fe3O4ð Þ nanoparticles and

Ethylene Glycol base fluid are used here.
� The Cattaneo-Christov heat flux theory is highlighted.
� The entropy generation effect is also investigated here.

� The stretching surface shape geometry is analyzed.
� Here we use the Keller box method to obtain numerical and
graphical outcomes of prominent parameters

The non-uniform velocity with the surface creates a flow
(Jamshed and Aziz, 2018):

Uw x; tð Þ ¼ cx

1� -t

� �� �
; ð1Þ

As the incompressible Casson nanofluid equation is
(Oyelakin et al., 2016; Mukhopadhyay et al., 2013):

sij ¼
2 lhnf Bð Þ þ pyffiffiffiffi

2p
p

� �
eij; p > pc

2 lhnf Bð Þ þ pyffiffiffiffiffi
2pc

p
� �

eij; p < pc

8><
>:

0
B@

1
CA; ð2Þ

The vector forms of the governing equations are addressed
as:

qhnf

@q

@t
þ q:rð Þq

� �
¼ �rpþ lhnf 1þ 1

b

� �
r2qþ J� Bð Þ

	
;

ð3Þ



Fig. 1a Flow description of the problem.
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qcp
� �

hnf

@T

@t
þ V:rT

� �
þ C

@T

@t
þ v:rq� q:rv

� �

¼ amr2T� 1= qcð ÞfDzqr

o
; ð4Þ

The major equations are (Mustafa and Khan, 2015):

ux þ vy ¼ 0


; ð5Þ

ut þ uux þ vuy ¼
lhnf Bð Þ
qhnf

uyy � rhnfB
2 tð Þ

qhnf

u

	
; ð6Þ

Tt þ uTx þ vTy þ C uuxTy þ vvyTx þ uvxTy þ vuyTx

�
þu2Txx þ v2Tyy þ 2uvTxy

�
¼ khnf

qCpð Þ
hnf

Tyy

� �� 1

qCpð Þ
hnf

qry

h i
9>>=
>>;; ð7Þ

Here k0ð Þ is constant in thermal relaxation factor
isC ¼ k0 1� -tð Þð Þ, u; vð Þ are velocities components in x-axis

and y-axis direction. Here tð Þ is the time of the hybrid nano-

fluid; the velocity slip factor W1 ¼ W0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� -t

p� �
here W0ð Þ is

the initial velocity parameter and Vw the porosity of the sheet.
These are the boundary conditions:

u x; 0ð Þ ¼ Uw þW1lhnf Bð Þ uy
� �

; v x; 0ð Þ ¼ Vw;

�kf Ty

� � ¼ h Tw � Tð Þ;
u ! 0; T ! T1 as y ! 1

9>=
>;; ð8Þ

The following formula is used to determine the radiative

heat flow (Brewster, 1992):

qr ¼ � 4r�

3k�
T�

y

	
; ð9Þ

In equation (9) the Stefan Boltzmann constant r�ð Þ and the

mean absorption coefficient are k�ð Þ. The thermal difference

inside the flow is assumed that T4
� �

may be extended as a Tay-

lor series around T1ð Þ. Here we use only linear terms.
T4 ffi 4T3
1T� 3T4

1


; ð10Þ

From equations (9) and (10):

qry ¼ � 16T3
1r�

3k�
Tyy

	
; ð11Þ

Solving the main PDEs (05–08), here in analyze stream
function as:

u ¼ wy; v ¼ �wx; f x; yð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c
vf 1�-tð Þ y

q
;

w x; yð Þ ¼
ffiffiffiffiffiffiffiffiffiffi
vfc

1�-tð Þ
q

xf fð Þ; h fð Þ ¼ T�T1
Tw�T1

9>=
>;; ð12Þ

Using Eq. (12) and creating Table 1, the main PDEs con-

verted into ODEs:

1�/1ð Þ�2:5 1�/2ð Þ�2:5

1�/2ð Þ 1�/1ð Þþ/1
qP1
qf

n oh i
þ/2

qP2
qf

f000 þ ff00 � f02 � A f0 þ f
2
f00

� ��

1þ
3

/1rp1þ/2rp2
rf

� /1�/2ð Þ
� �

�
/1rp1þ/2rp2

rf
� /1þ/2ð Þ

� �
þ

/1rp1þ/2rp2
/1þ/2ð Þrf

þ2

� �
2
64

3
75

/2

qp2
qf

þ 1�/2ð Þ 1�/1ð Þþ/1

qp2
qf

n oh i Mf0 ¼ 0

9>>>>>>>>>=
>>>>>>>>>;
;

ð13Þ

h00 1þ kf
khnf

PrGr
� �

þ kf
khnf

Pr 1� /2ð Þ /1

qCpð Þp1
qCpð Þ

f

þ 1� /1ð Þ

 	�

þ/2 qCpð Þp2
qCpð Þ

f

�
fh0 � f0h� A hþ f

2
h0

� �� X f2h00 þ ff0h0
� �� � ¼ 0

9>>>>>=
>>>>>;
;

ð14Þ
With

f 0ð Þ ¼ S; f0 0ð Þ ¼ 1þ k
1�/1ð Þ2:5 1�/1ð Þ2:5 f

00 0ð Þ;
h0 0ð Þ ¼ �c 1� h 0ð Þð Þ;

f0 fð Þ ! 0; h fð Þ ! 0; as f ! 1

9>=
>;; ð15Þ



Table 1 Nanofluid and hybrid nanofluid physical character-

istics (Shahzad et al., 2021; Ghadikolaei et al., 2017).

Properties Nanofluid

Heat capacity
qcp
� �

nf

¼ qcp
� �

f
1� /ð Þ

þ/ qcp
� �

s

 ! !

Thermal

conductivity
knf
kf

¼ ksþkf m�1ð Þ�/ kf�ksð Þ m�1ð Þ
ksþ m�1ð Þkfþ/ kf�ksð Þ

� �� �
Viscosity lnf Bð Þ ¼ 1� /ð Þ2:5lf

� �� �
Density

qnf
¼ qf 1� /ð Þ

þ/qs

� �� �
Properties Hybrid nanofluid

Heat capacity

qcp
� �

hnf

¼ 1� /2ð Þ /1 qcp
� �

p1

þ 1� /1ð Þ qcp
� �

f

" #

þ/2 qcp
� �

p2

0
B@

1
CA

0
B@

1
CA

Thermal

conductivity
khnf
kf

¼ ks1þ m�1ð Þkhf� m�1ð ÞA1 khf�ks1ð Þ
ks1þ m�1ð ÞkhfþA1 khf�ks1ð Þ

� �
khnf
kf

¼ ks2þ m�1ð Þkhf� m�1ð ÞA2 khf�ks2ð Þ
ks2þ m�1ð ÞkhfþA2 khf�ks2ð Þ

� �
0
BB@

1
CCA

Viscosity
lhnf Bð Þ ¼ lf 1� A1ð Þ2:5

1� A2ð Þ2:5
 ! !

Density

qhnf
¼ 1� /2ð Þ 1� /1ð Þqf

þ/1qp1

� �
þ/2qp2

0
@

1
A

0
@

1
A

Fig. 1b KBM
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The prominent flow parameters are:
fl

Parameter values� �
ow chart.
Parameter name
 Notation
A ¼ -
c� �
 Unsteadiness parameter
 Að Þ
M ¼ rfB2
0

cqf

Magnetic parameter
 Mð Þ
X ¼ cCð Þ� �
 Relaxation time parameter
 Xð Þ

Pr ¼ vf

af� �
 Prandtl number
 Prð Þ
af ¼ Kf

qCpð Þ
f� �
Thermal diffusivity parameter
 af
� �
Gr ¼ 16r�T3
1

3K�vf qCpð Þ
fffiffiffiffiffiffiffiffiq� �
Thermal radiation parameter
 Grð Þ
S ¼ �Vw
1�-t
cvf� �
 Mass transfer parameter
 Sð Þ
k ¼ W0

ffiffiffi
c
vf

q
lf� �
Velocity slip parameter
 kð Þ
c ¼ hf
kf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
vf 1�-ð Þt

c

q
� �
Biot number
 cð Þ
Br ¼ lfU
2
w

kf Tw�T1ð Þ

Brinkman number
 Brð Þ
¼ Tw�T1
T1

� �
� �
 Temperature gradient
 ðÞ
Re ¼ UwL
2

vfx

Reynolds number
 Reð Þ
3. Outcomes of the problem by Keller-box method

Because Eqs. (13)–(14) are non-linear, closed-form values are
difficult to obtain. As a result, using the Keller-box technique,

a finite-difference methodology, the equations with (15) are
numerically resolved. Keller (Keller, 1971) devised the
approach. This approach has been demonstrated to be very
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effective for parabolic issues. We employed the strategy pro-
vided by Cebeci and Pradshaw (Cebeci and Bradshaw, 2012),
which has been proven to be particularly suited to dealing with

non-linear situations and easily taken to numerically solve any
kind of order. Fig. 1b shows the flow pattern of the given prob-
lem. The (KBM) Keller box method’s main phases for obtain-

ing approximate methods are as follows:

� Convert the provided first-order ordinary differential equa-

tions to a system.
� Simplified ODEs should be written in finite differences.
� Linearize the algebraic equations and express them in vec-
tor form employing Newton’s approach.

� Use the block upper triangular elimination method to solve
the linear system.

Here the 1st step of the method is to transfer ODEs (13)–
(14) into 1st-order ODEs:

u ¼ f0; v ¼ u0; t ¼ h0g; ð16Þ

1�/1ð Þ�2:5 1�/2ð Þ�2:5

1�/2ð Þ 1�/1ð Þþ/1
qP1
qf

n oh i
þ/2

qP2
qf

v0 � A uþ f
2
v

� �þ fv� u2

�
1þ

3 � /1�/2ð Þþ/1rp1þ/2rp2
rf

� �
�

/1rp1þ/2rp2
rf

� /1þ/2ð Þ
� �

þ
/1rp1þ/2rp2

/1þ/2ð Þrf
þ2

� �
2
64

3
75

1�/2ð Þ 1�/1ð Þþ/1

qp2
qf

n oh i
þ/2

qp2
qf

Mu ¼ 0

9>>>>>>>>>=
>>>>>>>>>;
; ð17Þ

t0 1þ kf
khnf

PrGr
� �

þ kf
khnf

Pr 1� /2ð Þ 1� /1ð Þ þ /1

qCpð Þp1
qCpð Þ

f


 	�

þ/2 qCpð Þp2
qCpð Þ

f

�
ft� uh� A hþ f

2
t

� �� X f2t0 þ fut
� �� � ¼ 0

9>>>>>=
>>>>>;
;

ð18Þ
With

f ¼ S; u ¼ 1þ k
1�/1ð Þ2:5 1�/1ð Þ2:5 v;

t ¼ �c 1� hð Þ;
u fð Þ ! 0; h fð Þ ! 0; as f ! 1

9>=
>;; ð19Þ

As

f0 ¼ 0ð Þ; fj ¼ fj�1 þ h
� �

;

j ¼ 1; 2; 3; :::ð Þ
j� 1; fj ¼ f1ð Þ

9>=
>;;

The ODEs (16)–(18) are transferred into the non-linear

algebraic form:

fj�fj�1

h

� �
¼ ujþuj�1

2

� �
;

uj�uj�1

h

� � ¼ vjþvj�1

2

� �
;

hj�hj�1

h

� �
¼ tjþtj�1

2

� �

9>>>=
>>>;
; ð20Þ
vjþvj�1

h

� �
1�/1ð Þ�2:5 1�/2ð Þ�2:5

1�/2ð Þ 1�/1ð Þþ/1
qP1
qf

n oh i
þ/2

qP2
qf

� ujþuj�1

2

� �2 � A

ujþuj�1

2

� �þ
f
2

vjþvj�1

2

� �
( )

þ
vjþvj�1

2

� �
fjþfj�1

2

� �
0
@

1
A�

1þ
3 � /1�/2ð Þþ/1rp1þ/2rp2

rf

� �
� � /1þ/2ð Þþ/1rp1þ/2rp2

rf

� �
þ

/1rp1þ/2rp2
/1þ/2ð Þrf

þ2

� �
2
64

3
75

1�/2ð Þ 1�/1ð Þþ/1

qp2
qf

n oh i
þ/2

qp2
qf

M
ujþuj�1

2

� �

0
BBBBBBB@

1
CCCCCCCA

¼ 0

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

;

ð21Þ
tjþtj�1

h

� �
1þ kf

khnf
PrGr

� �
þ kf

khnf
Pr

/2 qCpð Þp2
qCpð Þ

f

� ��

þ 1� /2ð Þ 1� /1ð Þ þ /1

qCpð Þp1
qCpð Þ

f


 	�

� hjþhj�1

2

� �
ujþuj�1

2

� �þ tjþtj�1

2

� � fjþfj�1

2
� A

hjþhj�1

2

� �
þ f

2

tjþtj�1

2

� �n o
�X tj�tj�1

h

� � fjþfj�1

2

� �2
þ fjþfj�1

2

� �
ujþuj�1

2

� � tjþtj�1

2

� �� �
2
664

3
775 ¼ 0

9>>>>>>>>>>>=
>>>>>>>>>>>;

;

ð22Þ
In the above (i + 1) iteration, so

ðÞ iþ1ð Þ
j ¼ ðÞ ið Þ

j þHðÞ ið Þ
j

o
ð23Þ

By sub Eqs. (20)–(22) we get

Hfj � 1
2
h Huj þHfj�1

� ��Hfj�1

� � ¼ R1ð Þj�1
2

Huj � 1
2
h Hvj þHvj�1

� ��Huj�1

� � ¼ R2ð Þj�1
2

Hhj � 1
2
h Htj þHtj�1

� ��Hhj�1

� � ¼ R3ð Þj�1
2

9>>=
>>; ð24Þ

Hfj a1ð ÞjþHfj�1 a2ð Þj þHuj a3ð Þj þHuj�1 a4ð ÞjþHuj�1 a4ð Þj
þHvj a5ð Þj

þHvj�1 a6ð ÞjþHhj a7ð ÞjþHhj a8ð ÞjþHtj a9ð ÞjþHtj�1 a10ð Þj

0
B@

1
CA¼ R4ð Þj�1

2

Hfj b1ð ÞjþHfj�1 b2ð Þj þHuj b3ð Þj þHuj�1 b4ð ÞjþHuj�1 b4ð Þj
þHvj b5ð Þj

þHvj�1 b6ð ÞjþHhj b7ð ÞjþHhj b8ð ÞjþHtj b9ð ÞjþHtj�1 b10ð Þj

0
B@

1
CA¼ R5ð Þj�1

2

9>>>>>>>>>=
>>>>>>>>>;
ð25Þ

Here

�fj þ
h

2
uj þ uj�1

� �þ fj�1

� �
¼ R1ð Þj�1

2

� �
; ð26Þ

�uj þ h

2
vj þ vj�1

� �þ uj�1

� �
¼ R2ð Þj�1

2

� �
; ð27Þ

�hj þ h

2
tj þ tj�1

� �þ hj�1

� �
¼ R3ð Þj�1

2

� �
; ð28Þ

vjþvj�1ð Þ fjþfj�1ð Þ
4

� �
þ 1�/1ð Þ�2:5 1�/2ð Þ�2:5

1�/2ð Þ 1�/1ð Þþ/1
qP1
qf

n oh i
þ/2

qP2
qf

vjþvj�1

h

� �2
4

3
5

�h �M/4

/2

ujþuj�1

2

� ��A
ujþuj�1

2

� �þ f vjþvj�1

4

� �� �� ujþuj�1

2

� �2� �

0
BBBB@

1
CCCCA¼ R4ð Þj�1

2

9>>>>=
>>>>;
;

ð29Þ
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�h
tjþtj�1

h

� �
1þ kf

khnf
PrGr

� �h i
�h

kf
khnf

Pr 1� /2ð Þ 1� /1ð Þ þ /1

qCpð Þp1
qCpð Þ

f


 	
þ /2 qCpð Þp2

qCpð Þ
f

� �

tjþtj�1ð Þ fjþfj�1ð Þ
4

� �� �
þ h

kf
khnf

Pr

1� /1ð Þ þ /1

qCpð Þp1
qCpð Þ

f


 	
1� /2ð Þ

þ /2 qCpð Þp2
qCpð Þ

f

0
BB@

1
CCA

ujþuj�1ð Þ tjþtj�1ð Þ
4

� �� �
þ Ah

kf
khnf

Pr

1� /1ð Þ þ /1

qCpð Þp1
qCpð Þ

f


 	
1� /2ð Þ

þ /2 qCpð Þp2
qCpð Þ

f

0
BB@

1
CCA

hjþhj�1

2

� �h i
þ Ah

kf
khnf

Pr 1� /2ð Þ 1� /1ð Þ þ /1

qCpð Þp1
qCpð Þ

f


 	
þ /2 qCpð Þp2

qCpð Þ
f

� �
tjþtj�1

2

� �� �þ Xh kf
khnf

Pr
tjþtj�1

h

� � fjþfj�1

2

� �2� �

1� /2ð Þ 1� /1ð Þ þ /1

qCpð Þp1
qCpð Þ

f


 	

þ /2 qCpð Þp2
qCpð Þ

f

0
BB@

1
CCAþ Xh kf

khnf
Pr

ujþuj�1

2

� �
fjþfj�1

2

� �
2
4

3
5 tjþtj�1

2

� �� �

1� /2ð Þ 1� /1ð Þ þ /1

qCpð Þp1
qCpð Þ

f


 	
þ /2 qCpð Þp2

qCpð Þ
f

� �

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

¼ R5ð Þj�1
2

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

; ð30Þ
Finally, the boundaries are:

Hf0 ¼ 0ð Þ; Hu0 ¼ 0ð Þ;
Ht0 ¼ 0ð Þ;

Huj ¼ 0ð Þ; Hhj ¼ 0ð Þ

9>=
>;; ð31Þ

The linear Eqs. (24)–(25) in matrix form:

B ¼ AH; ð32Þ

B ¼

R1ð Þj�1
2

R2ð Þj�1
2

..

.

RJ�1ð Þj�1
2

RJð Þj�1
2

2
666666664

3
777777775
;A ¼

a1 c1

b2 a2 c2

. .
. . .

. . .
.

bj�1

bj

aJ�1

aj

cJ�1

a

2
6666664

3
7777775
;

H ¼

H1

H2

..

.

HJ�1

HJ

2
6666664

3
7777775
; ð33Þ

Here, Að Þ is the block tri-diagonal matrix which is denoted
by J� Jð Þ the size of the block 5� 5ð Þ. The column matrices
are symbolized by H&Bð Þ. The row of matrices is denoted

by Jð Þ. To explain the linear scheme Hð Þ the LU factorization
method can be used.

The physical quantities are:

Cf ¼ sw
qfU

2
w

� �
;

Nux ¼ xqw
kf Tw�T1ð Þ

� �
9>=
>;; ð34Þ

Where
sw ¼ � lhnf Bð Þ þ pyffiffiffiffi
2p

p
� �

uy
� �

y¼0

� �
;

qw ¼ �knf 1þ 16r�T�1
3k�kf

� �
Ty

� �
y¼0

� �
9>=
>;; ð35Þ

The results of physical quantities:

CfRe
1
2
x ¼ � f00 0ð Þ

1�/1ð Þ2:5 1�/2ð Þ2:5
� �

;

NuxRe
�1
2

x ¼ � khnf
kf

1þ Grð Þh0 0ð Þ
� �

9>=
>;; ð36Þ
4. Entropy generation analysis

The mathematical model with entropy generation is written as
(Keller, 1971):

uEG ¼ khnf

T2
1

Ty

� �2 þ 16r�T3
1

3k�
Ty

� �2
 	
þ lhnf Bð Þ

T1
uy
� �2 þ rhnfB

2 tð Þu2
T1

	
;

ð37Þ
The dimensionless entropy generation is written as:

NG ¼ T2
1c2EG

kf Tw � T1ð Þ
� �

; ð38Þ

The dimensionless form of entropy can be written by using
Eq. (12).

NRe
khnf
kf

1þ Grð Þh02
� �

þ 1

1�/1ð Þ2:5 1�/2ð Þ2:5
BrRe f002

� �

þ BrRe 1þ
3 /1rp1þ/2rp2ð Þ

rf
� /1þ/2ð Þ

/1rp1þ/2rp2ð Þ
/1þ/2ð Þrf �

/1rp1þ/2rp2ð Þ
rf

� /1þ/2ð Þ

2
4

3
5Mf02

0
@

1
A;

ð39Þ

Where

Re ¼ UwL
2

vfx

� �
; Br ¼ lfU

2
w

kf Tw � T1ð Þ

 !
; ¼ Tw � T1

T1

� �)
; ð40Þ
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5. Results and discussion

In this section, we investigated the graphical and numerical
findings of prominent flow parameter via momentum profile,

thermal profile, and entropy profile via a well-known numeri-
cal approach (KBM) Keller box method in the well Known
software computational MATLAB. The significance of the

magnetic parameter Mð Þ via the velocity distribution f0 fð Þ is

seen in Fig. 2. The dimensionless velocity profile f0 fð Þ
decreased with the Mð Þ increases. According to the Lorentz
force, the magnetic field introduces a retarding body force that
controverts the direction of the external magnetic field. When

the magnetic parameter amount is higher, the retarding body is
continuously on the rise, and the dimensionless velocity drops.
Furthermore, when the magnetic field rises, the extent of the
boundary layer declines. Fig. 3 examines the characteristics

of kð Þ The velocity field f0 fð Þ the velocity field f0 is decreased
for the increasing value of the velocity slip parameter kð Þ for
various shape factors of nanoparticles SWCNT� Fe3O4;ð
MWCNT� Fe3O4Þ. Fig. 4 reveals the characteristics of the
Fig. 3 Findings of kð Þ on velocity field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 2 Findings of Mð Þ on velocity field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.
volumetric fraction of nanoparticles /1 ¼ /2ð Þ via velocity

profilef0 fð Þ. The velocity field f0 fð Þ declined for the increasing

magnitude of /1 ¼ /2ð Þ for various shape factors of nanopar-
ticles with SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ and base
fluid is EGð Þ ethylene glycol. Fig. 5 shows the impact of the

temperature profile h fð Þ on the magnetic parameter Mð Þ. We
analyze that the h fð Þ is enhanced for the booming variations
of the Mð Þ. Fig. 6 characterizes the consequence of slip param-

eter kð Þ against the temperature filedh fð Þ. This diagram shows
how raising the kð Þ improves temperature filedh fð Þ. Fig. 7
deliberates the features of radiation parameter Grð Þ on the
thermal filedh fð Þ. It is observed that the h fð Þ rises with an

improvement in Grð Þ various shape factors of nanoparticles
with hybrid particles and the base fluid is EGð Þ ethylene glycol.
Fig. 8 includes temperature distribution filed h fð Þ against cð Þ
when the curvature parameter is used for various form vari-
ables of nanoparticles in both instances with
SWCNT� Fe3O4;ð MWCNT� Fe3O4Þ and base fluid is ethy-

lene glycol. It is found that temperature distribution filed h fð Þ
a curve goes up with enhances in the magnitude of cð Þ. Fig. 9
illustrates the impact of /1 ¼ /2ð Þ various shape factors of
Fig. 5 Findings of Mð Þ on heat field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 4 Findings of /1 ¼ /2ð Þ on velocity field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.



Fig. 7 Findings of Grð Þ on heat field for SWCNT� Fe3O4;ð
MWCNT� Fe3O4Þ.

Fig. 8 Findings of cð Þ on heat field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 9 Findings of /1 ¼ /2ð Þ on heat field for SWCNT�ð
Fe3O4;MWCNT� Fe3O4Þ.

Fig. 10 Findings of Xð Þ on heat field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 11 Findings of mð Þ on heat field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 6 Findings of kð Þ on heat field for SWCNT� Fe3O4;ð
MWCNT� Fe3O4Þ.
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Fig. 13 Findings of kð Þ on entropy field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 14 Findings of /1 ¼ /2ð Þ on entropy field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 15 Findings of Reð Þ on entropy field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 16 Findings of Brð Þ on entropy field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

Fig. 17 Variation of streamlines when M ¼ 0:5

forS ¼ �0:5&k ¼ 0:5.

Fig. 12 Findings of Mð Þ on entropy field

for SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ.

10 U. Farooq et al.
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nanoparticles with hybrid particles and base fluid ethylene gly-
col. The temperature distribution filed h fð Þ boosted by incre-
ment in the values of /1 ¼ /2ð Þ.The stimulus of Xð Þ on h fð Þ
is displayed in Fig. 10. It can be detected from the figure that
the enhanced Xð Þ refuses the temperature distribution filed h fð Þ
for various shape factors of nanoparticles with the base fluid

being ethylene glycol.Fig. 11 shows that the thermal profile
is a higher magnitude for Lamina 16:1576ð Þ and a low magni-
tude for the sphere 3:000ð Þ.The importance of Mð Þ on NGð Þ is
seen in Fig. 12. As the entropy distribution filed NGð Þ improves
with mounting magnitudes of the magnetic parameter. This is
owing to the Lorentz force, which is a resistance force that
crosses the fluid motion, causing heat to be produced. As a

result, as the magnetic field becomes larger, both the boundary
layer thickness and the entropy distribution of filed NGð Þ
Fig. 19 Variation of streamlines when M ¼ 0:0

forS ¼ �0:5&k ¼ 0:0.

Fig. 18 Variation of streamlines when M ¼ 0:0

forS ¼ �0:5&k ¼ 0:5.
boundary layer increase. The outcomes of entropy distribution
filed NGð Þ for larger velocity slip kð Þ are addressed in Fig. 13. It
is perceived that the entropy distribution filed NGð Þ dwindles

for higher velocity slip parameter kð Þ for various shape factors
of nanoparticles with hybrid nanofluid and base fluid is ethy-
lene glycol. Inspiration of the volumetric fraction of nanopar-

ticles /1 ¼ /2ð Þ on the entropy distribution filed NGð Þ is
disclosed in Fig. 14. It is predicted that the entropy distribu-
tion filed NGð Þ can be lowered by increasing the flow behavior

of the volumetric fraction of nanoparticles /1 ¼ /2ð Þ for vari-
ous shape factors of nanoparticles with hybrid particles and
base fluid is ethylene glycol. Fig. 15 is prepared to interpret
Fig. 20 Variation of streamlines when M ¼ 0:6

forS ¼ �0:5&k ¼ 0:0.

Table 2 Experimental values of nanoparticles.

Properties Density Heat

Capacity

Thermal

Conductivity

Electrical

Conductivity

Fe3O4ð Þ

5180 670 9.7 0:74� 106

SWCNTð Þ

2600 425 6600 –

MWCNTð Þ

1600 796 3000 –

EGð Þ

1114 2415 0.2525 5:5� 10�6



Table 3 Shape factor of nanoparticles (Raza Shah Naqvi

et al., 2022).

Geometrical appearance Shape Factor

(Brick)

3.7

(Sphere)

3.0

(Cylinder)

4.9

(Hexahedron)

3.7221

(Tetrahedron)

4.0613

(Column)

6.3598

(Platelet)

5.7

(Lamina)

16.1576
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the deviation in entropy distribution filed NGð Þ for Reynolds

number Reð Þ for various shape factors of nanoparticles with
hybrid nanoparticles and base fluid is ethylene glycol. From
the curves of entropy, it is depicted that the entropy distribu-

tion filed NGð Þ boosted up with a larger Reynolds num-
ber Reð Þ. The variation of entropy distribution filed NGð Þ
with Brinkman number Brð Þ is reported in Fig. 16. It is inter-
Table 4 Comparison of Prandtl number over Nusselt number for t

Pr Ishak et al. (Ishak et al.,

2009)

Abolbashari et al. (Abolbashari

et al., 2014)

Da

20

0.7 0.8086 0.80863135 0.8

1.0 1.0000 1.00000000 1.0

3.0 1.9236 1.92368259 1.9

7.0 3.0722 3.07225021 3.0

10.0 3.7006 3.72067390 3.7
preted that the entropy distribution filed NGð Þ increased for
larger Brinkman numbers Brð Þ for various shape factors of
nanoparticles with SWCNT� Fe3O4;MWCNT� Fe3O4ð Þ
and base fluid is ethylene glycol. Fig. 17 shows the variation
of streamlines when the M ¼ 0:5ð Þ for S ¼ �0:5&k ¼ 0:5ð Þ.
Fig. 18 analyzes the estimations of streamlines when

M ¼ 0:0ð Þ for S ¼ �0:5&k ¼ 0:5ð Þ. Fig. 19 studied the impacts
of streamlines when the magnetic parameter M ¼ 0:0ð Þ
for S ¼ �0:5&k ¼ 0:0ð Þ. Fig. 20 investigates the aspects of

streamlines when M ¼ 0:6ð Þ for S ¼ �0:5&k ¼ 0:0ð Þ. Table 1
shows the physical characteristics of nanofluid and hybrid
nanofluid like as density, thermal conductivity, viscosity, and
heat capacity. Table 2 displays the experimental magnitudes

of nanoparticles like Carbon nanotube (SWCNT &
MWCNT), Ferro (Fe3O4), and base fluid ethylene glycol.
Table 3 analyzed the shape factor including such (brick sphere,

cylinder, hexahedron, tetrahedron,column, platelet, and lam-
ina). Table 4 shows the comparison of the Pr over the Nusselt
number for the current fluid model. It shows good validations

between the old and current frameworks.

6. Concluding remarks

In the current computational and numerical investigation we
investigated the significance of thermal radiation on hybrid
nanofluid having nanoparticles SWCNT;MWCNT&Fe3O4ð Þ
and base fluid EGð Þ ethylene glycol passing through a starch-
ing sheet. The outcomes of Cattaneo–Christov heat theory
and entropy generation are also studied here. We use the Kel-
ler box numerical technique in the computational tool

MATLAB to find the outcomes of prominent flow parameters
via momentum profile, thermal field, and entropy profile. The
main results of the current framework are listed here.

� The velocity field is declined when the velocity slip param-
eter is enhanced.

� For an enhanced magnitude of magnetic parameter and a
volumetric proportion of nanoparticles, the velocity distri-
bution field decreases.

� The temperature distribution field is improved for the
advanced values of the thermal radiation parameter and kð Þ.

� The thermal field is increased for the growing estimations of
thermal relaxation parameter.

� The entropy generation field is reduced for the raising mag-
nitude of /1 ¼ /2ð Þ and velocity slip parameter.

� The entropy generation field is boosted up for the growing

magnitudes of both parameters Brinkman number and Reð Þ.
� The main application of the currently analyzed hybrid
nanofluid in neurological diseases is because carbon

nanotubes are more useful for this.
he current fluid model.

s et al. (Das et al.,

15)

Jamshed & Aziz (Jamshed and

Aziz, 2018)

Current

work

0876122 0.80876181 0.80876182

0000000 1.00000000 1.00000000

2357431 1.92357420 1.92357421

7314679 3.07314651 3.07314652

2055436 3.72055429 3.72055430
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� Because of the particle’s use in engineering and manufactur-

ing for expanding and contracting shells, such as packaging,
sheet polymerization, glass fiber production, bundle wrap-
ping, hot roll, metallic packages, and aluminum bottles

industrial production, wire roll, parabolic difficult surface
collectors, cooling of thermal reactors, and so on, the inves-
tigation oftwo-dimentional flowing over a sheet has been
conducted. The proposed problem findings are used to

increase heat transfer in a variety of liquids by utilizing
nanoparticles and phenomena such as nonlinear thermal
radiation and Cattaneo-Christov heat flux.
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